ON THE NILPOTENT ORBITS OF A REDUCTIVE GROUP OVER A LOCAL FIELD
GEORGE MCNINCH
Abstract. Let K be the field of fractions of a complete discrete valuation ring A with perfect residue
field k of characteristic p, and let G be a connected and reductive algebraic group over K which splits
over an unramified extension of K.
Suppose that P is a parahoric group scheme over A with generic fiber PK = G. A nilpotent section
X ∈ Lie(P) is balanced if the fibers CK and Ck are smooth group schemes of the same dimension, where
C = CP (X) is the scheme theoretic centralizer of X for the adjoint action of P. The identity component
of the centralizer CP (X) of a balanced nilpotent section is smooth over A. If X0 is a nilpotent element in
the Lie algebra of the reductive quotient of the special fiber Pk , we give conditions for the existence and
conjugacy of balanced nilpotent sections X of Lie(P) with X0 = Xk .
The construction of balanced sections given here provides useful qualitative information about the
parametrization of G(K)-orbits on the nilpotent elements of Lie(G) described in [DeB02].
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1. Introduction
Throughout this paper, the symbol A will denote a complete discrete valuation ring with maximal
ideal m, with field of fractions K (a “local field”), and with residue field k = A/m.
1.1. Rational nilpotent orbits and an overview. Let G be connected and reductive over the local
field K, and let P be a parahoric group scheme with generic fiber PK = G. Recall that P is in
particular a smooth and affine A-group scheme of finite type over A; see section 2.5. In general, P is
not a reductive group scheme over A since its special fiber Pk need not be reductive.
The paper seeks to provide information about the G(K)-orbits on nilpotent elements of Lie(G) =
Lie(G)(K). Following the lead of Debacker [DeB02], we relate these orbits to the nilpotent orbits for
the reductive quotients of the special fibers Pk for the various parahoric group schemes attached to
G.
This relationship is achieved by using certain nilpotent sections of Lie(P)– i.e. elements of Lie(P)(A).
We say that a section X ∈ Lie(P) is nilpotent provided that its image XK in Lie(PK ) is nilpotent. We
observe – see Lemma 2.1.1 – that if X ∈ Lie(P) is nilpotent, then also Xk ∈ Lie(Pk ) is nilpotent.
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Write C = CP (X) for the scheme theoretic centralizer of the section X. Then the generic fiber
CK of C is the centralizer CPK (XK ) – a K-group scheme, and the special fiber Ck is the centralizer
CPk (Xk ) – a k-group scheme.
Definition 1.1.1. The section X is balanced for the adjoint action of P if Ck is a smooth group scheme
over k, if CK is a smooth group scheme over K, and if dim Ck = dim CK .
Let X be a nilpotent section and suppose that CK and Ck are known to be smooth; if P = G is
reductive and if the fibers GK and Gk are standard, these centralizers are indeed known to be smooth.
Under these assumptions, we relate in section 2.2 the condition that X is balanced to the condition
that the identity component C0 of the group scheme C is smooth over A.
One of the main goals of the present paper is to give existence and conjugacy results for balanced
nilpotent sections of Lie(P).
1.2. Distinguished nilpotent elements. Before formulating our main results, we are going to pause
to remind the reader of (portions of) the Bala-Carter Theorem [Car93] [Pre03] [Jan04]; recall that this
result gives a precise description of the geometric nilpotent orbits of a standard reductive group.
Thus for the moment we let F be an algebraically closed field, and we write H for a standard
reductive algebraic group over F 1. A nilpotent element X in Lie(H) is said to be distinguished if a
maximal torus of the centralizer in H of X is central in H.
Consider pairs (L, OL where L is a Levi factor of a parabolic subgroup of H and OL ⊂ Lie(L) is a
distinguished nilpotent L-orbit. To such a pair, one associates the H-orbit Ad(H)O.
Now, a weak form of the Bala-Carter Theorem – see [Jan04, §4] – says that this association determines a bijection between the H-conjugacy classes of such pairs (L, OL ) and the nilpotent H-orbits.
Now let us return to the reductive group G over the local field K. Recall that a K-torus T is
said to be unramified provided that TL is split for some unramified extension L ⊃ K. Equivalently,
the inertia subgroup I ⊂ ΓK = Gal(K) is contained in the kernel of the action of ΓK on the group
X∗ (TKsep ) of chararacters of TKsep .
Let X ∈ Lie(G) = Lie(G)(K) be a (K-rational) nilpotent element, and let C = CG (X) be the
centralizer of X. We say that X is nr-distinguished if any unramified torus in CG (X) is central in G.
1.3. The main results for reductive group schemes. We first state results which hold under the
assumption that there is a reductive group scheme G with generic fiber GK = G. For example, this
condition holds when G is K-split.
These main results are proved under an assumption on G specified in conditions (SG1) and (SG2)
of section 4.1. Briefly, these conditions stipulate that the fibers Gk and GK are geometrically standard
reductive groups; see section 3.1 for the notion of (geometrically) standard reductive group over a
field.
Suppose for the remainder of section 1.3 that conditions (SG1) and (SG2) of section 4.1 hold for G.
We now give the statements of the main results of this paper; see the subsequent section section 1.5
for a slightly more detailed overview of the arguments of the paper.
Theorem 1.3.1. Let X0 ∈ Lie(Gk ) be a nilpotent element.
(a) There is a balanced, nilpotent section X ∈ Lie(G) such that the image Xk in Lie(Gk ) coincides with X0 .
(b) There is an A-homomorphism φ : Gm → G such that X ∈ Lie(G)(φ; 2), φk is a cocharacter associated
with Xk and φK is a cocharacter associated with XK .
(c) Let X, X 0 ∈ Lie(G) be balanced nilpotent sections with Xk = Xk0 = X0 . Then there is an element
g ∈ G(A) such that X 0 = Ad(g)X.
(d) If X0 is distinguished in Lie(Gk ) if and only if XK is distinguished in Lie(G).
Assertions (a) and (b) of Theorem 1.3.1 follow from Theorem 4.5.2, and assertion (c) follows from
Corollary 7.3.2. See section 3.2 for the notion of a cocharacter associated with a nilpotent element.
1the condition “standard” amounts to the requirement that the characterisitic of F is not “too small” with respect to the
root datum of H; see section 3.1 for the precise definition
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1.4. The main result for parahoric group schemes. Now let P be any parahoric A-group scheme
with generic fiber PK = G, and let X0 ∈ Lie(Pk /Ru Pk ) be a nilpotent element.
Since G = GK is assumed to split over an unramified extension of K, we have:
Theorem 1.4.1 ([McN18]). There is a reductive subgroup scheme M ⊂ P for which Mk is a Levi factor of
Pk , and MK is - in particular - a reductive subgroup containing a maximal torus T of G which is maximally
split.
We observe in Proposition 6.2.2 that M also satisfies conditions (SG1) and (SG2) of section 4.1.
Since Mk is a Levi factor of Pk , we may and will identify X0 with an element of Lie(Mk ). Now
apply Theorem 1.3.1 to find a nilpotent section X ∈ Lie(M) balanced for the action of M for which
Xk = X0 , together with an A-homomorphism φ : Gm → M with the properties stated in (b) of that
Theorem.
Let h be the maximum of the Coxeter numbers of the irreducible components of the Dynkin
diagram of the reductive group GK where K is an algebraic closure of K, and let p denote the
characteristic of the residue field k. Of course, the characteristic of K is then either 0 or p.
Theorem 1.4.2. Suppose that p > 2h − 2.
(a) X ∈ Lie(P) is balanced for the action of P.
(b) If X 0 ∈ Lie(P) is any balanced nilpotent section for which X + Lie(Ru Pk ) = X 0 + Lie(Ru Pk ) in
Lie(Pk /Ru Pk ), then there is an element g ∈ P(A) such that X 0 = Ad(g)X.
(c) If X0 is distinguished in Lie(Pk /Ru Pk then XK is u-distinguished in Lie(MK .
Assetion (a) of Theorem 1.4.2 follows from Theorem 6.4.3 together with Proposition 3.4.3, and
assertion (b) follows from Corollary 7.4.2.
Finally, one wants to “realize” nilpotent elements X1 ∈ Lie(G) = Lie(GK ) as the value XK at the
generic point of a balanced nilpotent section X ∈ Lie(P) for a suitable parahoric group scheme P.
Here our proof basically follows the argument of Prasad that is given in the proof of [DeB02, Lemma
4.5.3], but we obtain additional precision on the required hypotheses on G.
Theorem 1.4.3. Suppose that p > 2h − 2 and let X1 ∈ Lie(G) be nilpotent. Then there is a parahoric group
scheme P with generic fiber PK = G and a nilpotent section X ∈ Lie(P) balanced for the action of P with
X K = X1 .
This result is proved in Theorem 8.3.1
1.5. Overview. We now give a somewhat more detailed overview of the content of the paper and
in particular of the arguments used in obtaining the results of the preceding section.
After some recollections on group schemes in section 2, we recall in section 3 some important
aspects of the theory of nilpotent orbits for what we call a geometrically standard reductive group.
For a reductive group scheme G over A and for a nilpotent element X0 ∈ Lie(Gk ), the proof of
the existence of a balanced nilpotent section X lifting X0 is carried out in section 4; more precisely,
Theorem 1.3.1(a) is a consequence of Theorem 4.5.2. The proof Theorem 4.5.2 – and the arguments
given in the first 4 sections of section 4 – constitute an improved version of results used in the proof
of [McN08, Theorem A]. In the present language, results proved in [McN08] showed that there is a
balanced nilpotent section X ∈ Lie(G) whose image in Lie(Gk ) is G(k)-conjugate to X0 . See section 9
for further discussion of the results of [McN08].
In section 5 we consider a balanced nilpotent section X ∈ Lie(G) together with an A homomorphism φ : Gm,A → G for which φk is a cocharacter associated to Xk and φK is a cocharacter
associated to XK . We argue that if (Xk )[p] = 0, there is an 
A-homomorphism Φ : SL2,A → G for
0 1
which dΦ maps the upper triangular nilpotent section
of Lie(SL2,A ) to X and for which the
0 0
restriction of Φ to the diagonal maximal torus in SL2,A coincides with φ.
Now let P be any parahoric group scheme over A with generic fiber G = PK . Give X0 ∈
Lie(Pk /Ru Pk ) we use a Levi decomposition of the special fiber Pk to identify X0 with an element
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of Lie(Pk ). The existence of a Levi decomposition for the special fiber Pk was established by the
author in [McN10]; see also [McN14] and [McN13]. But the most useful result was obtained more
recently. Namely, we showed in [McN18] that there is a reductive subgroup scheme M ⊂ P such that
Mk is a Levi factor of Pk . We argue in Proposition 6.2.2 that M satisifies the conditions enumerated
in section 4.1.
Given X0 ∈ Lie(Mk ) ⊂ Lie(Pk ), we use the existence result for balanced nilpotent sections for
reductive group schemes – Theorem 4.5.2 – to find a section X ∈ Lie(M) with Xk = X0 which is
balanced for the action of M together with an A-homomorphism φ : Gm → M such that φk is a
cocharacter associated to Xk and φK is a cocharacter associated to XK .
We propose to show that X is balanced for the action of P. In fact, we don’t know how to argue
that without some further assumptions. If we impose the condition that p > 2h − 2, then we find as
in Section 5 an A-homomorphism SL2,A → M. Moreover, the condition on p implies that weights of
a split maximal torus of SL2,A on Lie(P) are all < p. Under this condition, the fibers of the SL2,A module Lie(P) are restricted semisimple modules – see Proposition 5.3.2; using this condition, we
are then able to argue that X ∈ Lie(P) is indeed balanced for the action of P; see Theorem 6.4.3.
Having settled the existence of balanced nilpotent sections, we take up the question of conjugacy
in section 7. Here, we adapt the argument of [DeB02, §5.2]. We give in Section 7.2 a condition for
conjugacy of balanced nilpotent sections which depends on the Moy-Prasad filtration of P(A) and
Lie(P) – see Section 7.1 – as well as the “mock exponential mapping” of [Adl98]. When P = G is
reductive, we confirm that this condition holds when G satisfies (SG1) and (SG2) of Section 4.1; see
Theorem 7.3.1. For general P, we impose the condition that p > 2h − 2. As before, this permits us
to exploit the existence of an A-homomorphism Φ : SL2,A → P for which the fibers of Lie(P) are
restricted semisimple modules for SL2,k and SL2,K . In turn, the A-homomorphism Φ permits us to
deduce the required condition for conjugacy in this case; see Theorem 7.4.1.
In section 8 we explain the relevance of balanced nilpotent sections to the parametrization given
in [DeB02] of orbits of G(K) on the Lie algebra Lie(G). Here we prove Proposition 8.2.3 relating
balanced nilpotent sections with the “lifting” described by DeBacker. We also prove Theorem 8.3.1
showing that every rational nilpotent X1 ∈ Lie(G) can be “realized” as the value at the generic fiber
of some balanced nilpotent section for some parahoric group scheme P with PK = G.
In section 9 we consider the scheme theoretic centralizer of a balanced nilpotent section. Here we
give a corrected and streamlined proof of [McN08, Theorem A] that the root datum of the reductive
quotient of the centralizer of a nilpotent element Y depends only on the Bala-Carter label of Y, and
is independent of “very good” characteristic; see Theorem 9.1.1. As a consquence, we observe in
section 9.2 that there are in general nilpotent elements X1 ∈ Lie(G) which are not the value XK of
any balanced nilpotent section X ∈ Lie(G); thus one really must use general parahorics to “detect”
all rational nilpotent classes.
Finally, Appendix A contains a generalization of a result found in [MS03]. This result concerns
the cocharacters of a reductive group G associated to a nilpotent element X ∈ Lie(G); see section 3.2
for the notion of an associated cocharacter. If M ⊂ G is a reductive subgroup of type C(µ) – see
section 6.1 – and if X ∈ Lie(M) we show that a cocharacter of M associated to X is also associated to
X in G. The corresponding result was obtained for a “pseudo-Levi subgroup” M ⊂ G in [MS03].
1.6. Notation and terminology.
1.6.1. Throughout the paper, we write G for a connected and reductive algebraic group over a field
F. For the most part, F = K. We always write h for the maximum value of the Coxeter number of
an irreducible component of the root system of GF .
1.6.2. Recall [Jan03, (I.2.7)] that if Λ is a commutative ring and if H is an affine Λ-group scheme,
then a module - or representation - for H is a Λ-module M together with an action of H on the
Λ-functor determined by M. In particular, for any commutative Λ-algebra A, the group H(A) acts
linearly on M(A) = M ⊗Λ A. Alternatively, one may view M as a comodule for the Hopf algebra
Λ[H].
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1.6.3. We now formulate a somewhat general notion of “balanced section”. Suppose that H is a
group scheme which is smooth, affine and of finite type over A. Consider an H-module L which is
a finitely generated free A-module.
Let x ∈ L, write xK for the image of x in LK = L ⊗A K, and write xk for the image of x ∈ Lk =
L ⊗A k = L/mL.
Definition 1.6.1. The element x ∈ L is said to be balanced for the action of H if the scheme-theoretic
stabilizer C = StabH (x) has the following properties: (i) CK is a smooth group scheme over K, (ii)
Ck is a smooth group scheme over k, and (iii) dim CK = dim Ck .
1.6.4. If Λ is a commutative ring, and if D is a diagonalizable group scheme
L over Λ with character
group X, recall that any D-module M can be written as a direct sum M = λ∈X Mλ where D acts
on the weight space Mλ according to the character λ. If H is a Λ-group scheme, if φ : Gm → H is
a Λ-homomorphism, and if M is an H-module, we identify the character group of Gm with Z, and
for i ∈ Z we often write M(φ; i) for the i-weight space for the action of Gm on M determined by φ.
2. Generalities on group schemes and balanced sections
2.1. Nilpotent sections of certain group schemes. Recall from the introduction that this paper is
concerned in part with elements - or sections - of the Lie algebra of parahoric group schemes.
More generally, consider a connected and reductive algebraic group G over K, and let H be a
smooth, affine group scheme of finite type over A with an identification HK = G.
Lemma 2.1.1. Let X ∈ Lie(H) be a section. If XK ∈ Lie(HK ) is nilpotent, then also Xk ∈ Lie(Hk ) is
nilpotent.
Proof. Recall that if H is a linear algebraic group over the field F, then an element Y ∈ Lie(H) is
nilpotent if and only if 0 = Y N ∈ EndF (V) for some sufficiently large N > 0 and some faithful linear
representation V of H.
Since H is affine and smooth - in particular, flat - over A, it follows from [BT84, (1.4.5)] that H has
a faithful linear representation on a free A-module M of finite rank. Then Mk = M ⊗A k affords a
faithful linear representation of Hk , and MK = M ⊗A K affords a faithful linear representation of
HK .
Identifying H as a closed subgroup scheme of GL(M), the nilpotence of XK implies that 0 =
N
N
XN
K ∈ EndK (MK ) for some N > 0. But then 0 = X ∈ EndA (M), and hence 0 = Xk ∈ Endk (Mk )
so that indeed Xk is nilpotent as well.

Remark 2.1.2. The Lemma applies when H = G is reductive, or when H = P is a parahoric group
scheme with generic fiber G; see section 2.5 below for details on parahoric group schemes.
Definition 2.1.3. A section X ∈ Lie(H) is said to be nilpotent just in case the generic fiber XK ∈
Lie(HK ) is nilpotent.
Thus the Lemma shows that the fiber Xk of a nilpotent section X is nilpotent.
2.2. Stabilizers and smoothness. Let A be an integral domain with field of fractions K and let G be
a group scheme over A which is smooth at all points over its unit section. Recall [BT84, §1.2.12] that
identity component G0 of G is the union of the identity components G0p of the fibers Gp for p ∈ Spec(A);
it is an open subgroup scheme of G which is smooth over A and has connected fibers. In particular,
the generic fiber (G0 )K is precisely the identity component of GK .
Now suppose that A is a discrete valuation ring with residue field k and field of fractions K.
Proposition 2.2.1. Let X be a Noetherian A−scheme. Suppose that
(i) XK is an irreducible and reduced K-variety, and Xk is an irreducible and reduced k-variety,
(ii) dim XK = dim Xk , and
(iii) X has a section s ∈ X(A).
Then X is flat over A.
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Proof. This follows by application of [Prop. 6.1 GY03].



Proposition 2.2.2. Let G be a flat group scheme of finite type over A such that the generic fiber GK is affine.
Then G is affine if and only if it is separated.
Proof. This result – due to Raynaud – is proved in [PY06, Prop. 3.1].



Corollary 2.2.3. Let H be a scheme which is affine over A, such that the identity components G0K and G0k are
smooth. Then the identity component G0 is affine over A.
Proof. Indeed, first observe that G0 is smooth and in particular flat over A. Since G is affine over A,
it is separated over A. Since G0 is an open subgroup scheme of G, G0 is itself separated over A. Now
(G0 )K = G0K is closed in GK and is thus affine. So the statement of the Corollary follows from the
result of Raynaud Proposition 2.2.2.

The statement and proof of the following result were communicated to me by Brian Conrad.
Theorem 2.2.4. Let G be a group scheme which is separated and of finite type over A for which the fibers GK
and Gk are each smooth of the same dimension. Then there is a locally closed subgroup scheme M ⊂ G such
that:
(a) M is smooth and of finite type over A,
(b) MK = (GK )0 and Mk = (Gk )0 .
If G is affine over A, then also M is affine over A.
Proof. Let H be the schematic closure of (GK )0 in G. Since A is a DVR, H is an A-flat closed subgroup
scheme of G with HK = (GK )0 ; see [BT84, §I.2.7]. Now, the A-flatness of H guarantees that the fibers
HK and Hk have the same dimension; see [EGAIVIII , (14.3.10)] or [Mat89, Thm 15.1, 15.5].
Hence, the closed k-subgroup (Hk )0 of (Gk )0 has the same dimension as HK = (GK )0 , whose
dimension is the same as that of GK , which in turn by hypothesis has the same dimension as Gk .
Since (Hk )0 and (Gk )0 are connected k-group schemes of the same dimension, we deduce that
the smooth (Gk )0 is the underlying reduced scheme of (Hk )0 . But Hk ⊂ Gk implies (Hk )0 ⊂ (Gk )0
as closed subscheme, so equality is forced; thus (Hk )0 = (Gk )0 is smooth. Since Hk is an algebraic
group scheme over k, [Knu+98, Prop. 21.10 (4)] shows that in fact Hk is already smooth over k.
0 ∪ H0 is a
Since H is flat over A, it follows from [SGA3I , VIB Thm. 3.10] that the union M = HK
k
smooth open A-subgroup scheme of H. In particular, M is locally closed in G.
Finally, to see that M is affine over A when G is, apply Proposition 2.2.2.

Theorem 2.2.5. Let x ∈ L be an element which is balanced for the action of G and let StabG (x) be the scheme
theoretic stabilizer of x in G Then there is a locally closed subgroup scheme H which is smooth, affine, and of
finite type over A for which HK = Stab0GK (xK ) and Hk = Stab0Gk (xk ).
Proof. This follows by applying of Theorem 2.2.4 to the scheme-theoretic stabilizer StabG (x).



2.3. Group schemes of multiplicative type. Let G and M be groups schemes of finite type over A.
Suppose moreover that G is smooth and affine over A, and that M is of multiplicative type over A.
Consider the functors
F : SchA → Sets

and

H = HomA -gr (M, G) : SchA → Sets

where SchA is the category of schemes over A, Sets is the category of sets, and for an A-scheme T ,
F(T ) is the set of subgroup schemes of G of multiplicative type over T and H(T ) = HomT -gr (MT , GT )
is the set of homomorphisms of group schemes MT → GT over T .
We record the following result:
Theorem 2.3.1. (a) The functors F and H = HomA -gr (M, G) are representable by A-schemes which are
smooth and separated over A.
(b) If S0 ⊂ Gk is a k-torus, there is an A-torus S ⊂ G for which Sk = S0 .
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(c) If λ0 : Gm → Gk is a k-homomorphism, there is an A-homomorphism λ : Gm → G for which λk = λ0 .
Proof. The assertions in (a) are proved in [SGA3II , Exp. XI Thm 4.1 and Cor. 4.2]. Now (b) and (c) are
consequences of (a) together with the scheme-theoretic version of Hensel’s Lemma – see [SGA3II ,
Exp. XI Prop 1.10 and Cor. 1.11].

For a group scheme G of finite type over A, a closed subgroup scheme T ⊂ G is called a maximal
torus if: (i) T is an A-torus, (ii) Tk is a maximal torus of Gk and (iii) TK is a maximal torus of GK .
Corollary 2.3.2. Let G be reductive over A. Then G possesses a maximal torus T .
Proof. Choose a maximal torus S0 of Gk and use Theorem 2.3.1 to find a torus S ⊂ G with Sk = S0 .
We now argue that S is a maximal torus – i.e. that SK is a maximal torus of GK . Since G is
reductive, it follows from [SGA3II , Exp XII, Théorèm 1.7] that G has a maximal torus locally in the
étale topology of Spec(A). In particular, the dimension of a maximal torus of GK coincides with that
of a maximal torus of Gk . Since dim SK = dim Sk , it follows that SK is a maximal torus of GK , as
required.

Proposition 2.3.3. Suppose that λ0 : Gm → der(Gk ) is a k-homomorphism with values in the derived
group of Gk . Then there is an A-homomorphism λ : Gm → G such that λk = λ0 and such that λK takes
values in the derived group der(GK ).
Proof. According to [SGA3III , Théorème 6.2.1], there is a closed subgroup scheme der(G) which is
semisimple over A for which der(G)k is the derived group of Gk and der(G)K is the derived group
of GK . Now the result follows from Theorem 2.3.1.

2.4. Parabolic subgroup schemes of a reductive group scheme. Let G be a reductive group scheme
over A with connected fibers. We first recall - see [SGA3III , Exp XXII Def 5.11.1] - that a subgroup
scheme H ⊂ G is said to be of type (R) provided that H is smooth over A with connected fibers, Hk
contains a maximal torus of Gk , and HK contains a maximal torus of GK .
Now, according to [SGA3III , Exp XXVI §1] a subgroup scheme P ⊂ G is a parabolic subgroup scheme
if P is smooth over A, if Pk ⊂ Gk is a parabolic subgroup, and if PK ⊂ GK is a parabolic subgroup.
In particular, a parabolic subgroup scheme of G is of type (R).
If P is a parabolic subgroup scheme of G, then according to [SGA3III , Exp. XXVI Prop. 1.6] there
is a closed subgroup scheme Ru P ⊂ P such that Ru P is smooth over A with connected fibers, (Ru P)k
is the unipotent radical of Pk , and (Ru P)K is the unipotent radical of PK .
Proposition 2.4.1. Let S ⊂ G be an A-torus. Then the centralizer M = CG (S ) is a reductive A-subgroup
scheme of G with connected fibers. Moreover, M is a subgroup scheme of G of type (R).
Proof. Indeed, according to [SGA3II , Exp XI, Cor 5.3], M is a closed subgroup scheme of G which is
smooth over A. Now [SGA3III , Exp XIX, §1.3] shows that Mk and MK are connected and reductive
subgroups of Gk and GK respectively, and the Proposition follows.

Lemma 2.4.2. Let L be a free A-module of finite rank, suppose that ψ : Gm → GL(L) is an A-homomorphism,
and let M ⊂ L be an A-submodule such that
X
X
MK =
LK (ψK ; i) and Mk =
Lk (ψk ; i).
P

i>m

i>m

for some integer m. Then M = i>m L(ψ; i).
L
Proof. Since L = i L(ψ; i), we have


X
X
LK (ψK ; i) =
L(ψ; i).
([) M ⊂ L ∩ 
Since Mk =

P

i>m
i>m Lk (ψk ; i)

i>m

it follows from the Nakayama Lemma that equality holds in ([).
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Proposition 2.4.3. Let ψ : Gm → G be an A-homomorphism. There is a unique subgroup scheme PG (ψ) ⊂ G
of type (R) with the property that
X
(]) Lie PG (ψ) =
Lie(G)(ψ; i).
i>0

Moreover,
(a) P = PG (ψ) is a parabolic subgroup scheme of G,
(b) CG (ψ) is a Levi
P factor of P, and
(c) Lie(Ru P) = i>0 Lie(G)(ψ; i).
Proof. First recall [Spr98, Prop. 8.4.5 and Theorem 13.4.2] that if G is a connected and reductive
group over a field F and if φ : Gm → G is an F-homomorphism, then there is a parabolic subgroup
PG (φ) for which
PG (φ)(Fsep ) = {g ∈ G(Fsep ) | lim Int(φ(t))g exists}.
t→0
P
P
Moreover, Lie(PG (φ)) = i>0 Lie(G)(φ; i), Lie(Ru PG (φ)) = i>0 Lie(G)(φ; i), and CG (φ) is a Levi
factor of PG (φ).
Let us write PK for the parabolic subgroup PGK (ψK ) of GK determined by ψK . Consider the
functor Par defined for an A-scheme S by the rule
Par(S) = set of all S-parabolic subgroup schemes of HS
It follows from [SGA3III , Exp. XXVI, Cor. 3.5] that Par is represented by a scheme which is smooth,
projective and of finite type over A.
Since Par is projective and since A is a discrete valuation ring, the K-points of this A-scheme
coincide with its A-points; see e.g. [Liu02, Thm 3.3.25]. Thus, the K-point PK ∈ Par(K) determines
a unique A-point P ∈ Par(A). Since Lie(P) is an A-lattice in Lie(PK ) and since Lie(P) is contained in
Lie(G), it follows immediately from Lemma 2.4.2 that (]) holds.
Since P is smooth, the discussion in [BT84, (I.2.6)] shows that it is equal to the schematic closure
in G of its generic fiber PK . Similarly, M = CG (ψ) is the schematic closure of MK = CGK (ψK ). Since
MK ⊂ PK , it follows that M is a closed subgroup scheme of P.
Now, M is a reductive subgroup scheme of P, and according to the discussion in the first paragraph of this proof, Mk is a Levi factor of Pk and MK is a Levi factor of PK . Thus indeed M is a
Levi factor of P and (b) holds.
Finally, recall the smooth subgroup scheme Ru P has the property that
X
X
Lie((Ru P)K ) =
Lie(GK )(ψK ; i) and Lie((Ru P)k ) =
Lie(Gk )(ψk ; i).
i>0

i>0

It now follows from Lemma 2.4.2 that (c) holds.



2.5. Parahoric group schemes. Let G be a connected and reductive algebraic group over K. We are
going to consider the parahoric group schemes P attached to G. In particular, P is a smooth, affine
A-group scheme, and the generic fiber PK coincides with the given group G.
We first suppose that G is split over K. Fix a maximal split torus T of G, and write (X, Y, Φ, Φ∨ )
for the root datum of G with respect to T . In particular, Φ ⊂ X∗ (T ) is the set of roots of T in Lie(G).
For α ∈ Φ, there is a corresponding K-subgroup Uα - the root subgroup - normalized by T .
For a root α, a pinning of α will mean a central K-isogeny ψα : SL2 → Gα satisfy certain requirements. First write S for the diagonal maximal torus of SL2 identified with Gm , and write U+ for the
unipotent upper-triangular subgroup of SL2 . Then the requirements are as follows:
(P1) ψα maps S to T and the restriction of ψα to S identifies with the co-root α∨ ∈ X∗ (T ) 2, and
(P2) ψα maps U+ isomorphically to Uα .
2for the fixed identification of S and G
m
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We fix an identification U+ ' Ga . Then upon restriction to the root subgroups of SL2 , ψα determines
K-isomorphisms ψα,± : Ga → U±α .
Recall [BT84, (3.2.2)] that a Chevalley system is a collection of pinnings (ψα ) for each root α ∈ Φ+
satisfying an additional “compatibility” property spelled out e.g. in [BT84, (3.2.2) condition (Ch 2)].
See also [McN18, §4.1]. Let us fix such a Chevalley system.
ψ

Let U be a 1 dimensional commutative unipotent group scheme over K, and let Ga −→ U be a
fixed isomorphism. For n ∈ Z, consider the fractional ideal I = πn A ⊂ K. Then I determines a
smooth A-group scheme Iadd with generic fiber GaK . By transport of structure along ψ, one finds
a smooth A-group scheme Un with an identification Un,K = U. Moreover, the isomorphism ψ
ψ

determines an isomorphism I = πn A −→ Un (A). Compare [BT84, (4.3.2)] and [McN18, §4.3].
More generally, for r ∈ Q, write dre = min{n ∈ Z | n > r} for the “ceiling function”, and write
Ur = Udre . Thus Ur (A) = {ψ(a) | ν(a) > r} where ν : K× → Z is the (normalized) valuation of K,
and Ur = (πdre A)add . 3
Let V = X∗ (T ) ⊗ Q. For x ∈ V and α ∈ Φ, consider the group scheme Uα,x = (Uα )hα,xi . Thus
Uα,x is obtained via ψα,+ from Iadd where I = πdhα,xie A.
Let T denote the split A-torus with generic fiber T
Theorem 2.5.1. Let G be split over K, and fix x ∈ V. There is an group scheme Px which is affine, smooth
and of finite type over A such that the following hold:
(a) the generic fiber Px,K identifies with G;
(b) the inclusion T → G (resp. Ua → G for a ∈ Φ) prolongs to an isomorphism from T (resp. Ua,x ) to a
closed A-subgroup scheme of Px ;
+
−
+ ), the product
(c) for each system of positive roots Φ+ of Φ and
Qfor each order of Φ (resp. of Φ = −Φ +
mapping is an isomorphism of schemes from a∈Φ+ Ua,x to a closed subgroup scheme U (resp. U − )
of Px ;
(d) the product mapping determines an isomorphism of schemes from U − × T × U + to an open sub-scheme
U of Px ;
(e) the fibers of Px are connected.
Moreover, Px is – up to isomorphism – the unique A-group scheme satisfying (a),(b),(c) and (d). Finally, if
x ∈ X∗ (T ) ⊂ V, Px is a split reductive group scheme over A.
Proof. Recall the notion of a schematic root datum D = (Uα )α∈Φ for G – see [BT84, §3.1], and see also
[McN18, §4.2]. In the present language, we confirmed in [McN18, Theorem 4.3.4] that the collection
Dx = (Uα,x )α∈Φ is a schematic root datum for G with respect to T .
Now [BT84, Théorème 3.8.1] provides the required smooth, affine group scheme Px with the
properties (a),(b),(c) and (d).
Write U for the open sub-scheme described in (d). Since T and each Uα,x have connected fibers,
also the fibers of U are connected. In view of [BT84, Prop. 4.6.5], the fibers of Px are connected as
well. The uniqueness of Px follows from [BT84, Theorem 3.8.3].
When x = 0 ∈ V, D0 is the schematic root datum determined by the choice of Chevalley system;
see e.g. [McN18, Theorem 4.3.1]. Since P0 has connected fibers by (e), the uniqueness of P0 implies
that P0 identifies with the split reductive group scheme G.
When x = φ ∈ X∗ (T ) ⊂ V, it follows from [McN18, Theorem 4.3.4(c)] Dx is obtained from D0 by
applying the inner automorphism Int(φ(π)), and hence that Px ' P0 is split reductive over A, as
required.

Remark 2.5.2. Recall that the root system Φ defines a system of facets in V = X∗ (T ) ⊗ Q; see e.g.
[McN18, §2.4]. If x, x 0 ∈ V lie in the same facet, the corresponding schematic root data Dx and Dx 0
– and hence also the parahoric group schemes Px and Px 0 – coincide.
3Of course, the notation U can be made meaningful for r ∈ R, but we only require this notion for rational r.
r
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Now suppose that G splits over an unramified extension of K. According to [BT84, §5.1.12] there
is a finite, unramified, Galois extension L of K, a maximal K-split torus S of G and a maximal
K-torus T of G containing S for which TL is L-split.
Write Γ = Gal(L/K), write B for the integral closure of A in L, and let VL = X∗ (TL ) ⊗ Q. Let F be
a Γ -invariant facet in VL – see e.g. [McN18, §2.4] for the notion of facet for VL – and let Q = QF = Qx
be the corresponding parahoric group scheme for GL determined by any point x ∈ F.
Proposition 2.5.3 (Étale descent). There is a smooth, affine A-group scheme P with connected fibers such
that
(i) the generic fiber PK may be identified with G, and
(ii) Q ' P ⊗A B.
Proof. Since K ⊂ L is unramified, this follows from [BT84, §4.6.30 and §5.1.8].



Definition 2.5.4. Assume that G splits over an unramified extension L of K. If L = K – so that G is
K-split – the parahoric group schemes associated to G and T are precisely the A-group scheme Px
of Theorem 2.5.1 for x ∈ V. For general unramified extension L of K, the parahoric group schemes
associated to G are the A-group schemes obtained via étale descent Proposition 2.5.3 from parahoric
B-groups Qx where x lies in a Γ -stable facet of VL .
3. Nilpotent elements for a reductive group over a field
In this section, we are going to recall results concerning the nilpotent orbits of a geometrically
standard reductive group over a ground field F of characteristic p > 0.
3.1. Standard reductive groups. We now describe the notion of “standard” reductive groups; the
terminology follows the “standard hypotheses” considered by J. C. Jantzen.
The class C = CF of standard reductive groups over F consists of all connected and reductive linear
algebraic groups over F satisfying the following properties:
(S1) C contains all simple F-groups in very good characteristic; see Remark 3.1.1 below.
(S2) If G1 and G2 are in C then G1 × G2 is in C.
(S3) If G is in C and H is a reductive F-group, and if there is a separable isogeny between G and H,
then H is in C.
(S4) If G is in C and D ⊂ G is a diagonalizable subgroup scheme, then CG (D)o is in C.
(S5) If G ' H × T for a reductive F-group H and a F-torus T , then G is in C if and only if H is in C.
We say that G is geometrically standard if GE is standard for some finite and separable field extension E of F.
Remark 3.1.1. Recall if H is a split simple group over F, the characteristic p of F is good for H provided
that p does not divide the index of the root lattice in the weight lattice; see [SS70].
If H is any split semisimple group, one may apply [Knu+98, Theorems 26.7 and 26.8] to see that
there is a (possibly inseparable) central isogeny
m
Y

Hi → H

i=1

where each Hi is a simple group over F. The characteristic is good - respectively very good – for H
just in case it is good - respectively very good - for each Hi .
Remark 3.1.2. See [MT16, §4] for some discussion reconciling this version of the definition of “standard” with that found in older papers of the author, and for comparison with the notion of “pretty
good primes” introduced by S. Herpel [Her13] and with the “standard hypotheses” of J. C. Jantzen.
Remark 3.1.3. For any n > 1, the group GLn is standard. The group SLn is D-standard if and only
if p does not divide n. See [McN05, Remark 3].
Proposition 3.1.4. Let G be geometrically standard over F.
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(a) The (scheme theoretic) center Z = Z(G) of G is smooth over F.
(b) There is a G-invariant non-degenerate bilinear form β on Lie(G), and Lie(G) is a completely reducible
G-module.
(c) Let G be a standard reductive group over F, let x ∈ G(F) and let X ∈ g. Then CG (x) and CG (X) are
smooth over F. In other words,
dim CG (x) = dim cg (x)

and

dim CG (X) = dim cg (X).

Proof. For standard reductive groups, (a) follows from [MT09, (3.4.2)], and (b) and (c) follow from
[MT07, Prop. 12].
Since smoothness is a geometric property, (a) and (c) follow at once for geometrically standard
groups. For (b), also completely reducibility is a geometric property. As to the remaining assertion,
recall that a non-degenerate bilinear form on Lie(G) amounts to a G-module isomorphism Lie(G) →
Lie(G)∨ . Such an isomorphism exists over F if G is standard. If F is infinite, the F-homomorphisms
HomG (Lie(G), Lie(G)∨ ) form a dense subset of the variety of all G-homomorphisms, and it follows
that the non-empty, open subvariety IsomG (Lie(G), Lie(G)∨ ) must have an F-rational point. If F is
finite, note that IsomG (Lie(G), Lie(G)∨ ) is a torsor over the group A = AutG (Lie(G)). Since Lie(G)
is a semisimple G-module, A is a connected (and reductive) F-group. Hence the Lang-Steinberg
Theorem implies that IsomG (Lie(G), Lie(G)∨ ) has an F-rational point, as required; see e.g. [Ser02,
III §2].

3.2. Nilpotent centralizers and orbits. Throughout section 3.2, G will denote a geometrically standard
reductive algebraic group over the ground field F. Write g = Lie(G) for the Lie algebra of G. See
section 3.1 above for details on geometrically standard reductive groups.
Let X ∈ g be a nilpotent element. Write C = CG (X) for the centralizer of X.
Definition 3.2.1. A cocharacter φ : Gm → G is associated with X provided that
(a) X ∈ g(φ; 2), and
(b) there is a maximal torus S ⊂ C such that the image of φ lies in the derived group der(M) where
M = CG (S).
Write N = N(X) for the stabilizer in G of the line [X] in the projective space P(g).
Proposition 3.2.2. (a) The subgroup N is smooth over F.
(b) For each maximal torus S of N, there is a unique cocharacter φ ∈ X∗ (S) associated to X. In particular,
there is a cocharacter associated with X.
(c) If φ is a cocharacter associated with X, the image of φ centralizes some maximal F-torus of the connected
centralizer H = CG (X), and the centralizer M = CH (φ) of the image of φ in H is a Levi factor of H.
(d) If S is a maximal F-torus of CG (X), there is a cocharacter associated with X whose image centralizes S.
(e) The unipotent radical U = Ru (C) is defined and split over F, and
(f) Any two associated cocharacters for X are conjugate by an element of U(F).
Proof. First suppose that G is a standard reductive group. In that case, (a) follows from [McN04,
Lemma 23]. Geometrically, (b) and (c) follow from the work of Premet [Pre03] giving a modern
proof of the Bala-Carter Theorem; for the proof over a ground field, see [McN04, Thm. 26, Cor. 20,
and Cor. 29]. (d) and (e) follow from [McN05, Prop/Defn 21, parts (3) and (4)].
Now, the unipotent radical U of C = CG (X) is defined and split unipotent over a finite galois
extension E of F. Then U is already defined over F – see [Spr98, p. 14.4.5] – and in fact is F-split –
see [Spr98, Theorem 14.3.8].
The preceding results show that the collection of cocharacters associated with X is a torsor for the
unipotent radical U of the centralizer C = CG (X). Since U is split unipotent over F, one knows that
H1 (F, U) is trivial, and it follows at once that there is a cocharacter φ of G associated with X that is
defined over F. The remaining assertions in the geometrically standard case are now a consequence
of the existence of φ.

An cocharacter associated to X determines the dimension of the orbit of X, as follows:
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Proposition 3.2.3. Let φ be a cocharacter associated to X, let P(φ) be the parabolic subgroup determined by
φ, and write CG (X) for the centralizer of X in G. Then:
(a) CG (X) ⊂ P(φ), and
(b) we have
dim CG (X) = dimF (g(φ; 0) + g(φ; 1))
.
Proof. Indeed [Jan04, Prop. 5.9] shows that (a) holds, that the P-orbit O of X is smooth, and that O is
dense in
X
R=
g(φ; i).
The result now follows since Lie(P(φ)) =

P

i>2
i>0 g(φ; i).



3.3. Optimal SL2 -homomorphisms
over

 a field. Consider the semisimple F-group SL2,F . Write E1
0 1
for the nilpotent section E1 =
∈ Lie(SL2/F ), and write S1 ⊂ SL2,F for the diagonal torus;
0 0
thus S ' Gm/F .
If p > 0 recall that Lie(G) is a p-Lie algebra. Thus, there is a p-operation Y 7→ Y [p] on Lie(G), and
j
an element Y is nilpotent if and only if Y [p] = 0 for some j > 1. For notational convenience, when
the characteristic of F is zero, we define Y [p] to be 0, for nilpotent Y ∈ Lie(G).
Theorem 3.3.1. Let G be a geometrically standard reductive group over F, let X ∈ Lie(G) be nilpotent, and
let φ be a cocharacter associated with X. If X[p] = 0, then there is a unique F-homomorphism Ψ : SL2,F → G
such that dΨ(E1 ) = X1 and Ψ|S1 = φ1 .
Proof. For a standard reductive group over F, this is the main result of [McN05]. For geometrically
standard G the result follows by Galois descent from the result for standard G.

3.4. Numerics. Finally, we are going to record some numerical facts about nilpotent elements. Write
h for the maximum value of the Coxeter number of an irreducible component of the geometric root
system of G – i.e. of the root system of GF where F is an algebraic closure of F.
Proposition 3.4.1. Let X ∈ Lie(G) be nilpotent, and let φ be a cocharacter associated to X. Then X[p] = 0 if
and only if Lie(G)(φ; i) = 0 for all i > 2p.
Proof. This follows from [McN05, Prop. 24].



With notations as in section 3.3, we have the following:
Proposition 3.4.2. Let X ∈ Lie(G) be nilpotent. Then
(a) If p > h, then X[p] = 0.
(b) Let φ be a cocharacter associated to X, and suppose that Lie(G)(φ; i) 6= 0 =⇒ |i| 6 p. Then X[p] = 0.
(c) If X[p] = 0, there is a homomorphism Φ : SL2,F → G for which dΦ(E1 ) = X and Φ|S1 = φ.
Proof. For(a), it suffices to prove the result after extending the ground field. Thus we may and will
suppose that G is split reductive over F. Now let X1 ∈ Lie(G) be a regular nilpotent element, and
let φ1 be a cocharacter associated to X1 . One knows that if Lie(G)(φ1 ; j) 6= 0, then j 6 2h − 2. By
definition we have X1 ∈ Lie(G)(φ1 ; 2). Moreover, (X1 )[p] ∈ Lie(G)(φ1 ; 2p). Since we have 2p >
[p]
2h − 2, it follows that X1 = 0. Thus, the morphism Y 7→ Y [p] from the nilpotent variety to itself
vanishes on the dense, open subvariety of regular elements and so is identically zero. This completes
the proof.
For (b), note that X ∈ Lie(G)(φ; 2) so that X[p] ∈ Lie(G)(φ; 2p). Since 2p > p, we deduce X[p] = 0
as required.
Finally, (c) follows from Theorem 3.3.1.
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For n ∈ Z>0 , write L(n) = LF (n) for the simple SL2,F -module of highest weight n; see [Jan03,
§II.2].
Proposition 3.4.3. Let p > 2h − 2, let X ∈ Lie(G) be nilpotent, and let φ be a cocharacter associated to X.
Using (a) and (c) of Proposition 3.4.2, find a homomorphism Φ : SL2,F → G with the indicated properties.
(a) As a module for SL2,F , the adjoint representation Lie(G) is restricted semisimple. More precisely, there is
an isomorphism of SL2,F -modules
d
M
Lie(G) '
L(ni )
i=1

where 0 6 ni 6 p − 1 for each i.
(b) In particular, if Lie(G)(φ; i) 6= 0 then −p < i < p.
Proof. First note that (b) is an immediate consequence of (a). Since SL2,F is split reductive over F,
two semimsimple SL2,F -modules which become isomorphic after scalar extension of F are already
isomorphic over F. Thus it suffices to prove the result after scalar extension, so we may and will
suppose that G is split over F.
If −2p + 2 6 i 6 2p − 2, [McN05, Prop. 30] shows that Lie(G)(φ; i) 6= 0; see also [Sei00, Prop. 4.1
and 4.2]. Arguing as in [McN05, Prop. 34 and 35], we see that as a module for SL2,F , the adjoint
representation Lie(G) is a tilting module and moreover that it is a direct sum of indecomposable
tilting modules T (d) having highest weights d 6 2p − 2; see [Sei00, §2] and [Don93].
If X1 ∈ Lie(G) is regular nilpotent, then ad(X1 )2h−2 = 0; now a density argument implies that
ad(Y)2h−2 = 0 for every nilpotent element Y ∈ Lie(G). In particular it follows that ad(X)p−1 = 0.
For any p 6 d 6 2p − 2, dim T (d) = 2p and E1 acts on T (d) with two Jordan blocks each of size
p; see [McN03a, Prop. 5] or the description in [Sei00, Lemma 2.3]. Thus the only tilting gmodules
that can appear in the decomposition of Lie(G) as SL2,F are those of the form T (d) with d < p. But
those tilting modules are simple – i.e. T (d) = L(d) for 0 6 d < p. The result now follows.

4. Existence of balanced nilpotent sections for a reductive group scheme
4.1. Assumptions. For the remainder of the manuscript, we consider a reductive group scheme G
over A with connected fibers. We write G = GK for the generic fiber; thus G is a reductive group
over K, and according to ??, G splits over an unramified extension of K.
We consider the assumptions:
(SG1) The fiber Gk is a geometrically standard reductive group over k, and
(SG2) The fiber GK is a geometrically standard reductive group over K.
4.2. Morphisms of A-schemes which are dominant on the fibers. Suppose that F is a field, that V
and W are F-varieties, and that f : V → W is a morphism over F. We say that f is dominant if the
image f(V) is dense in W.
Proposition 4.2.1. [Liu02, Exer. 2.4.11] Suppose that V and W are affine over F, with respective coordinate
rings F[V] and F[W]. The morphism f : V → W is dominant if and only if the comorphism f∗ : F[W] → F[V]
is injective.
Proposition 4.2.2. Let R, S be finitely generated commutative A-algebras which are flat - or equivalently
(since A is a discrete valuation ring), torsion free - as A-modules, and let f : R → S be an A-algebra
homomorphism. Assume that fk : Rk = R ⊗A k → Sk = S ⊗A k is injective. Then f is injective, and in
particular fK : RK → SK is injective.
Proof. Since S is torsion free as an A-module, also the image B = im(f) of f is a torsion free and
hence flat A-module.
Write I = ker f, and write . So there is a short exact sequence of A-modules
f

0→I→R→
− B → 0.

14

GEORGE MCNINCH

Tensoring this sequence over A with k, we find an exact sequence
f

k
TorA
1 (B, k) → I ⊗A k → R ⊗A k −→ B ⊗A k → 0.

Since B is a flat A-module, TorA
1 (B, k) = 0. Since fk is injective, we deduce that I/πI = I ⊗A k = 0,
where πA is the maximal ideal of A; put another way, we know that I = πI.
Now, R is a finitely generated A-algebra, hence R is Noetherian. In particular, I is a finitely
generated R-module. In order to show that I = 0, it is enough to show that the localization Im is 0
for each maximal ideal m of R.
Since π ∈ m for each maximal ideal m ⊂ R, the condition I = πI implies that Im = mIm ; since Im
is a finitely generated Rm -module, Nakayama’s Lemma implies that Im = 0.
Conclude now that I = 0. This proves that f - and a fortiori fK - is injective, as required.

Recall that an affine A-scheme Y = Spec(A[Y]) is smooth over A if A[Y] is a flat A-module which
is finitely generated as A-algebra, and if its fibers Yk and YK “are” smooth varieties; see e.g. [BT84,
(1.2.9)].
Proposition 4.2.3. Let X, Y be schemes which are affine, smooth and of finite type over A, and let f : X → Y
be an A-morphism. Suppose that the morphism fk : Xk → Yk obtained by base change is dominant. Then
the morphism fK : XK → YK is dominant, as well.
Proof. Write A[X] and A[Y] for the affine coordinate rings of the schemes X and Y, and write k[X] and
k[Y] for the coordinate rings of the affine k-varieties Xk and Yk obtained by base change; thus e.g.
k[X] = A[X] ⊗A k. Similarly, write K[X] and K[Y] for the coordinate rings of the affine K-varieties
XK and YK .
Since the morphism fk is dominant, Proposition 4.2.1 shows that the comorphism f∗k : k[Y] → k[X]
is injective. Since X and Y are smooth over A, A[X] and A[Y] are free A-modules. Proposition 4.2.2
permits us to conclude that the comorphisms f∗ : A[Y] → A[X] and f∗K : K[Y] → K[X] are each
injective, and now a second application of Proposition 4.2.1 shows that fK : XK → YK is dominant.

4.3. Richardson orbits. Let us begin our discussion of Richardson orbits by considering a field F
and a reductive group G over F.
Proposition 4.3.1. Let Q ⊂ G be an F-parabolic subgroup. Then Q has an open dense orbit on Lie(RQ ).
Proof. When G is F-split, this follows e.g. from [Jan04, §4.9]. Since there is a unique open dense
Q-orbit O on Lie Ru Q, Galois descent shows that O is defined over F.

Remark 4.3.2. (a) The dense Q-orbit O on Lie(Ru Q) is called the Richardson orbit; an element X ∈
O(F) ⊂ Lie(Ru Q) is known as a Richardson element for Q.
(b) There is always an F-rational Richardson element. Indeed, when F is infinite an F-open subset
U of affine space Lie Ru P ' AN has an F-rational point as soon as U (F) is non-empty.
Now suppose that G is a reductive group scheme over A with connected fibers. Let us fix a
parabolic subgroup scheme Q. Recall from section 2.4 that there is a smooth subgroup scheme Ru Q
whose fibers are the unipotent radicals Ru Qk and Ru QK .
Let us write R = Lie Ru Q.
Proposition 4.3.3. Suppose that X0 ∈ Rk is a Richardson element for Qk . Let X ∈ R be any element with
Xk = X0 – i.e. for which X ≡ X0 (mod πR). Then XK ∈ RK is a Richardson element for QK .
Proof. By abuse of notation, we also write R for the A-scheme isomorphic to AN whose A-points
identify with R, where N is the rank of R as A-module. Consider the A-morphism
α:Q→R
given by α(g) = Ad(g)X.
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The morphism αk : Qk → Rk obtained by base change from α is then given by the rule αk (g) =
Ad(g)X0 ; since X0 is a representative of the dense Qk orbit on Rk , it follows that αk is a dominant
morphism.
Since Q and R are schemes which are affine, smooth, and of finite type over A, it now follows
from Proposition 4.2.3 that αK : QK → RK is dominant. In view of Proposition 4.3.1, this proves
that XK is a Richardson element, as required.

4.4. Distinguished parabolics and geometrically distinguished nilpotent elements. If G is a connected and reductive group over a field F, let us recall that a parabolic subgroup P ⊂ G is distinguished provided that
dim der(P)/Ru P = dim Ru P − dim der(Ru P).
On the other hand, a nilpotent element X ∈ Lie(G) is geometrically distinguished provided that a
maximal torus of CG (X) is central in G.
Theorem 4.4.1. Suppose that G is a geometrically standard reductive group.
(a) Let X ∈ Lie(G) be a geometrically distinguished nilpotent element and let φ : Gm → G be a cocharacter
associated to X. Then P = PG (φ) is a distinguished parabolic subgroup of G and X ∈ Lie Ru P is a
Richardson element.
(b) Let Q be a distinguished parabolic subgroup of G. Then any Richardson element in Lie Ru Q is a geometrically distinguished nilpotent element.
Proof. (a) follows from [Pre03, Prop 2.5], and (b) follows from [Car93, Cor. 5.2.4].



Remark 4.4.2. The preceding Theorem is a crucial part of the Bala-Carter Theorem parametrizing
the geometric nilpotent orbits of G; it was first proved in good characteristic by K. Pommerening
[Pom77; Pom80]. A more conceptual proof of the Bala-Carter Theorem was given later by Premet
[Pre03].
4.5. Existence of balanced nilpotent sections of a reductive group scheme. Let G be a reductive
group scheme over A with connected fibers satisfying the conditions (SG1) and (SG2) of Section 4.1.
Proposition 4.5.1. If Q ⊂ G is a parabolic subgroup scheme, then Qk is a distinguished parabolic subgroup
of Gk if and only if QK is a distinguished parabolic subgroup of GK .
Proof. Since Gk and GK are assumed to be geometrically standard, this follows from the characterization of distinguished parabolics given in [Jan04, §4.10].

Consider a triple (X, S , φ) for which X ∈ Lie(G), S ⊂ G is a closed A-subgroup scheme which is
an A-torus, and φ : Gm → L is an A-homomorphism, where L = CG (S ). We say that (X, S , φ) is a
balanced triple if the following conditions hold:
(B1) X is balanced for the adjoint action of G and Xk = X0 ,
(B2) the cocharacter φK is associated with the nilpotent element XK ∈ Lie(GK ) determined by X,
(B3) the cocharacter φk is associated with the nilpotent element Xk ∈ Lie(Gk ) determined by X, and
(B4) Xk is distinguished in Lie(Lk ) and XK is distinguished in Lie(LK ).
Theorem 4.5.2. Fix a nilpotent element X0 ∈ Lie(Gk ) and a maximal torus S0 of the centralizer CGk (X0 ).
There is a balanced triple (X, S , φ) such that Xk = X0 and Sk = S0 .
Proof. Write L0 = CGk (X0 ). Using Proposition 3.2.2, we choose a cocharacter φ0 of L0 associated
with X0 ; thus also φ0 is associated with X0 in Lie(Gk ); cf. Theorem A.5 in the Appendix to this
manuscript.
Now use Theorem 2.3.1 to choose a torus S ⊂ G for which S0 = Sk . Set L = CG (S ); according
to Proposition 2.4.1, L is a reductive group scheme with connected fibers. Moreover, since the fibers
of G are geometrically standard reductive groups, also the fibers of L are geometrically standard
reductive groups; see section 3.1.
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By definition φ0 takes values in the derived group der(Lk ) = der(L0 ). Using Proposition 2.3.3
we may find an A-morphism φ : Gm → L such that φ0 = φk and such that φK takes values in the
derived group der(LK ). Note that (B3) holds by construction.
Now let Q = PL (φ) and P = PG (φ) be the parabolic subgroup schemes of L and G determined
by φ as in Proposition 2.4.3.
Since a maximal torus of CLk (X0 ) is central in L, X0 is distinguished in Lie(Lk ). It follows from
Theorem 4.4.1 that X0 ∈ Lie(Ru Qk ) is a Richardson element and that Qk is a distinguished parabolic
subgroup of Lk . It follows from Proposition 4.5.1 that QK is a distinguished parabolic subgroup of
LK . Let X ∈ Lie(L)(φ; 2) ⊂ Lie(Ru Q) by any element with Xk = X0 . It follows from Proposition 4.3.3
that XK ∈ Lie(Ru QK ) is Richardson. Since QK is a distinguished parabolic, a second application
of Theorem 4.4.1 shows that XK is distinguished in Lie(LK ); this confirms condition (B4). Since
XK ∈ Lie(LK )(φK ; 2) and since the image of φK lies in der(LK ), it follows that φK is a cocharacter
associated to XK in LK . It now follows from the result in the Appendix Theorem A.5 that φK is a
cocharacter associated to XK in GK , as well. Thus condition (B2) holds
Finally, since Gk and GK are geometrically standard reductive groups, the centralizers CGk (Xk )
and CGK (XK ) are smooth – see Proposition 3.1.4. Since φK is associated with XK and φk is associated with Xk , it follows from Proposition 3.2.3 that the dimension of CGk (Xk ) coincides with that
of CGK (XK ). This shows that X is indeed balanced; this confirms condition (B1) and completes the
proof of the Theorem.

Remark 4.5.3. The previous theorem implies the validity of Theorem 1.3.1(a) from the introduction.
5. Optimal SL2 -homomorphisms over A
Recall that G denotes a reductive group scheme over A with generic fiber G = GK . Throughout
this section, we require that G satisfy conditions (SG1) and (SG2) from section 4.1.
5.1. Notation. We first establish some notations for the semisimple A-group scheme SL2,A , and we
reconcile those notations with those given
3.3
 in section

0 1
Write E for the nilpotent section E =
∈ Lie(SL2/A ), and write S ⊂ SL2,A for the diagonal
0 0
torus; thus S ' Gm/A .


0 1
For a field F, recall from section 3.3 that we write E1 =
∈ Lie(SL2/F ), and we write S1 for
0 0
the diagonal torus. Thus for F ∈ {k, K} we have E1 = EF and S1 = SF .
5.2. Optimal SL2 -homomorphisms for a reductive group scheme over A. Let (X, S , φ) be a balanced triple for the reductive group scheme G, as in section 4.5. Recall that the scheme theoretic
centralizer L = CG (S ) is a reductive subgroup scheme of G, that X ∈ Lie(L) and that φ factors
through the inclusion L ⊂ G.
Since the fibers of G are geometrically standard reductive groups, it follows from definitions that
the fibers of L are geometrically standard reductive groups – see section 3.1. For simplicity of
exposition in this section, we assume that G = L; this amounts to the condition that Xk and XK are
geometrically distinguished nilpotent elements.
Recall that φk is a cocharacter associated with Xk and thatx φK is a cocharacter associated with
XK . Write p for the characteristic of the residue field k.
Lemma 5.2.1. If (Xk )[p] = 0, then (XK )[p] = 0.
Proof. We apply Proposition 3.4.1. According to that result, the condition (Xk )[p] = 0 shows that the
weights of the image of φk on Lie(Gk ) are all < p. But then it is immediate that the weights of the
image of φK on Lie(GK ) are all < p and the same result shows that (XK )[p] = 0.

The goal of this section is to prove the following theorem:
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Theorem 5.2.2. If Xk = 0, there is a unique A-homomorphism
Φ : SL2/A → G
such that dΦ(E) = X, and Φ|S = φ, where G.
Before giving the proof of Theorem 5.2.2, we first establish some preliminary results.
Proposition 5.2.3. Let H and H 0 be group schemes which are smooth, affine, and of finite type over A. Make
the following assumptions:
0 and a k-homomorphism ψ : H → H 0 .
(C1) There is a K-homomorphism ψ1 : HK → HK
0
k
k
(C2) There is a finite, unramified extension L of K with ring of integers B together with a B-homomorphism
0 such that Ψ : H → H 0 coincides with φ
0
Ψ : HB → HB
L
L
1,L , and such that Ψ` : H` → H` coincides
L
with φ0,` , where ` is the residue field of B.
Then there is a unique A-homomorphism Φ : H → H 0 such that Ψ = ΦB – i.e. Ψ arises by base-change from
Φ; moreover, ψ0 = Φk and ψ1 = ΦK .
Proof. After possibly replacing L and B by a larger unramified extension, we may and will suppose
that ` is a Galois extension of k. Write Γ = Gal(`/k); since L is unramified over K, also L is a Galois
extension of K, and Gal(L/K) identifies with Γ .
Since H is smooth - in particular, flat - over A, A[H] identifies with an A-subalgebra of K[HK ].
Similarly, B[HB ] identifies with a B-subalgebra of L[HL ]. Moreover, K[HK ] = L[HL ]Γ , A[H] =
B[HB ]Γ and k[Hk ] = `[H` ]Γ . Identical considerations hold for H 0 .
∗
0 ] → B[H ] has the property that Ψ∗ ⊗ 1 = ψ
Now, by our assumptions, Ψ∗ : B[HB
B
L
1,L . Since
∗
ψ1,L is fixed by the action of Γ , it follows that Ψ∗ ⊗ 1L is fixed by the action of Γ , so indeed,
Ψ∗ ⊗ 1L determines by restriction an A-algebra mapping Φ∗ : A[H 0 ] → A[H], and hence yields an
A-homomorphism Φ : H → H 0 of group schemes with ΦB = Ψ.
It follows by transitivity of base-change that ΦL = ψ1,L so that ΦK = ψ1 by Galois descent.
Similarly, Φ` = ψ0,` so that Φk = ψ0 by Galois descent; this completes the proof.

Proof of Theorem 5.2.2. Now, according to our assumption together with Lemma 5.2.1 we know that
(Xk )[p] = 0 and (XK )[p] = 0. In view of our assumptions, Theorem 3.3.1 yields a unique Khomomorphism ψ1 : SL2,K → GK such that dψ1 (EK ) = XK and ψ1,SK = φK , and a unique khomomorphism ψ0 : SL2,k → Gk such that dψ0 (Ek ) = Xk and ψ0,Sk = φk .
We are going to apply Proposition 5.2.3. We choose a finite unramified extension L of K which is
a splitting field for GK ; see ??. Write B for the ring of integers of L.
In fact, we may choose a maximal A-torus T of G containing the image of φ – argue as in
Corollary 2.3.2. We may and will suppose that TB is a B-split torus. It now follows from [SGA3III ,
Exp. XXII Prop. 2.2] that GB is a split reductive group scheme over B.
If ` is the residue field of B, then X` is distinguished in Lie(G` ). Thus, Proposition 5.2.4 yields
a B-homomorphism Ψ : SL2,B → GB for which dΨ(E) = X and Ψ|S = φB . It follows from the
uniqueness in Theorem 3.3.1 that Ψ` = ψ0,` and ΨL = ψ1,L . Thus Proposition 5.2.3 yields an
A-homomorphism Φ : SL2 → G with the required properties.

Proposition 5.2.4. Let G be a split reductive group scheme over A whose fibers are standard reductive
groups, let X ∈ Lie(G) be a balanced nilpotent section for which Xk is geometrically distinguished, and let
φ : Gm → T be an A-homomorphism for some A-split maximal torus T of G such that φk is associated with
Xk and φK is associated with XK . If (Xk )[p] = 0, there is a homomorphism of group schemes Ψ : SL2,A → G
such that dΨ(E) = X and Ψ|S = φ.
Proof. Write R = Z(p) and note that there is a unique unital ring homomorphism R → A. Let GR
be a split reductive group scheme over R for which G = GR × Spec(A). There is a split maximal
torus TR of GR such that TR × Spec(A) identifies with T . In particular, we may view φ also as a
cocharacter of GR . As in Proposition 2.4.3, write P ⊂ G for the parabolic A-subgroup scheme of G
determined by φ, and let PR ⊂ GR be the parabolic R-subgroup scheme of GR determined by φ.
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Note that P = PR × Spec(A). Moreover, write UR ⊂ PR and U ⊂ P for the smooth subgroup schemes
of [SGA3III , XXVI L
Prop. 1.21] whose fibers give the unipotent radicals of the fibers of PR resp. P.
Write Lie(G) = n∈Z Lie(G)(φ; n) as a sum of weight spaces for the image of φ. According to
[McN05, Prop. 24], the condition that (Xk )[p] = 0 implies that Lie(G)(φ; n) = 0 when n > 2p. Hence
also Lie(GR )(φ; n) = 0 when n > 2p. Now a second application of loc. cit. shows that the nilpotence
class of the fiber UQ of UR is < p.
Now [Sei00, Prop. 5.1] shows that the exponential isomorphism yields an isomorphism of Rgroup schemes exp : Lie(UR ) → UR . Hence by base change R → A, we get an exponential isomorphism exp : Lie(U) → U. Applying these considerations to the opposite parabolic subgroup
schemes, we have an exponential A-isomorphism exp(Lie(− )) → U− .
Arguing as in [McN03b, Lemma 10], we find a nilpotent element Y ∈ Lie(G)(φ; −2) such that
(X, Y, H = dφ(1)) is an sl2 -triple over A.
Let Ψ1 : SL2,K → GK be the homomorphism of Theorem 3.3.1 with dΨ1 (E1 ) = XK and Ψ1|S1 = φK .
±
The “big cell” of SL2 is the A-subscheme Ω = U−
1 S1 U1 where U1 ' Ga,A and T1 ' Gm,A . The
restriction of Ψ1 to ΩK is given by (s, t, u) 7→ exp(sY)φK (t) exp(uX); thus Ψ1|ΩK arises by base
change from an A-morphism Ω → G. Now the argument for [Ser96, Prop. 2] yields the required
A-homomorphism Ψ : SL2 → G. (The argument of loc. cit. uses that SL2,Z is covered by the big cell
ΩZ together with wΩZ for a suitable w ∈ SL2 (Z)).

Remark 5.2.5. In the above proof, we have essentially just adapted the argument given in [McN03b,
Theorem 13].
5.3. Complete reducibility and SL2,A -homomorphisms. We collect in this section some results
about modules for SL2 . We begin with a “homological” result.
Proposition 5.3.1. Let M and N be SL2,A -modules that are free and of finite rank as A-modules. Suppose
that
Ext1SL2,k (Mk , Nk ) = 0.
If φ0 : Mk → Nk is an isomorphism of SL2,k )-modules, there is an isomorphism φ : M → N of SL2,A modules for which φ0 = φk .
Proof. Under our assumption on Ext1 , it follows from [McN00, Prop. 3.3.1, Prop 3.3.2] that the
natural mapping HomSL2,A (M, L) → HomSL2,k (Mk , Lk ) is surjective. Now choose an SL2,A -module
homomorphism φ : M → N such that φk is the isomorphism φ0 . It follows from the Nakayama
lemma that ψ is an isomorphism, as required.

Let S be the diagonal maximal torus of SL2,A ; thus S isLA-isomorphic to Gm . We write the
SL2,A -module L as a direct sum of its S -weight spaces: L = n∈Z Ln .
We identify the character groups
X∗ (S ) = X∗ (Sk ) = X∗ (SK )
with Z. Any S -module M may be written as a direct sum
M
M=
Mn
n∈Z

of its weight spaces; see [Jan03, p. I.2.11].
Let L be a module for the A-group scheme SL2,A such that L is free of finite rank as an A-module.
We may consider the SL2,F -modules LF = L ⊗A F for F ∈ {k, K}.
Proposition 5.3.2. Assume for n ∈ Z that Ln 6= 0 =⇒ |n| < p. Then:
(a) LK is asemisimple
representation for SL2,K , and Lk is a semisimple representation for SL2,k .

0 1
(b) If E =
∈ Lie(SL2,A , then
0 0
dimk ker(Ek : Lk → Lk ) = dimK ker(EK : LK → LK ).
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(c) Let F =


0
1
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0
. Then L = ker(F) + E.L and ker(F) ∩ E.L = {0}.
0

Proof. Recall [Jan03, §II.2] that for F ∈ {k, K}, the simple modules LF (n) for SL2,F are indexed by
their highest weight n ∈ Z>0 , where we have identified X∗ (SF ) = Z. In view of the assumptions
on the S -weights of L, all composition factors of LF have the form LF (n) for n < p. It now follows
from the linkage principle [Jan03, Cor. II.6.7] that Ext1SL2,F (L, L 0 ) = 0 for any two composition factors
L, L 0 of LF We then see immediately that LF is semisimple for F ∈ {k, K}, and (a) is proved.
As to (b), note that the linkage principle argument just given implies for F ∈ {k, K} and 0 6 n < p
that the Weyl module VF (n) coincides with the simple module LF (n); see [Jan03, §II.2] for the
definition of the Weyl module, and recall that the highest weight of any composition factor of the
radical of a Weyl module is 6 n. Now, there is an SL2,A -module VA (n) which is free of finite rank
over A such that
VF (n) = VA (n) ⊗A F
for F ∈ {k, K}; see [Jan03, §II.8.3].
L
In view of the semisimplicity, we may write choose an SL2,k -isomorphism φ0 : ti=1 Lk (ni ) → Lk
Lt
1
for certains weights ni < p. Let M =
i=1 VA (ni ). Then ExtSL2,k (Mk , Lk ) = 0, so that Proposition 5.3.1 yields an isomorphism φ : M → L of SL2,A -modules for which φ0 = φk .
Since VA (ni ) ⊗A K = VK (ni ) is a simple SL2,K -module for ni < 0 and since MK ' LK , it
follows that the number t of irreducible summands of Lk is the same as the number of irreducible
summands of LK .
Now an elementary description of simple SL2,F -modules show first of all that dimk ker Ek = t =
dimK ker EK and moreover that L = ker(F) ⊕ E.L. Thus (b) and (c) hold.

6. Existence of balanced nilpotent sections for a parahoric group scheme
Recall that G denotes a reductive group scheme over A with generic fiber G = GK .
6.1. Subgroups of a reductive group of type C(µ). In this section, we consider a certain class of
reductive subgroups of a reductive group, namely the subgroups of type C(µ). This class of groups
was studied in [McN18] and is slightly larger than the class of pseudo-Levi subgroups considered
in [MS03].
For a field F, µn = µn,F denotes the group scheme of n-th roots of unity in F; it is the affine
scheme with coordinate algebra F[T ]/hT n − 1i. The group scheme µn is diagonalizable over F, and
the group of characters X∗ (µn ) identifies with Z/nZ.
Let G be a connected and reductive group over the field F. By a µ-homomorphism with values
in G, we mean an equivalence class of homomorphisms of group schemes φ : µn → G, where
φ1 : µn → G and φ2 : µm → G
are equivalent provided that there is N with m | N, n | N and for which the homomorphisms
φ

φ

1
2
µN → µn −−→
G and µN → µm −−→
G

coincide, where for any divisor d | N, µN → µd denotes the F-homomorphism which on character
N
+ NZ.
groups is given by the mapping Z/dZ → Z/NZ such that 1 + dZ 7→
d
Recall:
Proposition 6.1.1. If T is a split torus over F, then the group of all µ-homomorphisms with values in T
identifies with X∗ (T ) ⊗ Q/Z.
Proof. [McN18, Prop. 3.4.4].
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Following [McN18, §3], we say that a connected subgroup M of G is of type C(µ) if M is the
identity component of the centralizer in G of the image of a homomorphism φ : µn → G 4. Any
subgroup of type C(µ) is reductive and contains a maximal torus of G [McN18, Theorem ].
When G is F-split, we have the following description of the subgroups of type C(µ) containing a
fixed maximal split torus:
Theorem 6.1.2. Assume that G is split reductive over F, and write T for a maximal split F-torus. Suppose
that ψ be a µ-homomorphism with values in T , and write M = Co
G (ψ). Then M is a reductive subgroup
of G containing the maximal torus T . Moreover, the root system of M is the subsystem Φy of Φ, where
y ∈ X∗ (T ) ⊗ Q represents the element ψ∗ ∈ X∗ (T ) ⊗ Q/Z, and
Φy = {α ∈ Φ | hα, yi ∈ Z}.
In particular,
M = hT , Uα | α ∈ Φy i
where Uα is the 1-dimensional unipotent subgroup on which T acts via the character α.
Proof. [McN18, Theorem 3.4.5].



6.2. Reductive subgroup schemes of a parahoric group scheme. In general, a parahoric group
scheme P is not reductive over A. In some recent work [McN18], we proved the following result:
Let T be a maximal K-split torus, write T for “the” A-split torus with generic fiber T , and let P
be a parahoric group scheme containing T with generic fiber G = PK . In some recent work, we
obtained the following result:
Theorem 6.2.1. Let P be a parahoric group scheme over A with generic fiber G, and assume that G splits
over an unramified extension of K. Then there is a subgroup scheme M ⊂ P which is reductive over A with
the following properties:
(a) the special fiber Mk is a Levi factor of Pk ,
(b) the generic fiber MK is a reductive subgroup of G of type C(µ) – see section 6.1.
We now observe:
Proposition 6.2.2. With notations as above, if G satisfies conditions (SG1) and (SG2) of section 4.1, then M
does as well.
Proof. It will suffice to argue that M is standard after passing to an unramified extension of A. Hence
we may suppose that G split reductive over A. In that case, it was proved in [McN18, Proposition]
that Mk is a subgroup of type C(µ) of Gk , and MK is a subgroup of type C(µ) of GK . Now the
result follows, since it is clear from definitions that a reductive subgroup of type C(µ) of standard
reductive group is again standard; see section 3.1.

6.3. A condition for a section to be balanced. In this section, we formulate an “infinitesimal condition” that will permit us to recognize balanced nilpotent sections X ∈ Lie(P) for a parahoric group
scheme P.
Let H be a group scheme which is affine, smooth and of finite type over A, and let L be an
H-module where L is free of finite rank as an A-module.
Proposition 6.3.1. Let x ∈ L. Write h = Lie(H), and assume the following:
(a) the HK orbit of xK is smooth – i.e. dim StabHK (xK ) = dimK chK (xK ), and
(b) dimK chK (xK ) = dimk chk (xk ).
Then x is balanced for the action of H.
4We will permit ourselves to write C (φ) for the centralizer of the image of φ, and Co (φ) for the identity component
G
G
of this centralizer.
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Proof. Let C = StabH (x). The group scheme CK is smooth over K by assumption. It remains to
argue that Ck is smooth over k and that dim CK = dim Ck .
It follows from Chevalley’s upper semi-continuity theorem [EGAIVIII , §13.1.3] that
dim CK 6 dim Ck .
On the other hand, cgk (xk ) is the Lie algebra of the group scheme StabGk (xk ) = Ck . Thus dim Ck 6
dimk cgk (xk ) e.g. by [Knu+98, Lemma 21.8].
Combining these inequalities with our assumptions, we deduce that
dim CK 6 dim Ck 6 dimk cgk (xk ) = dimK cgK (xK ) = dim CK .
Thus equality holds everywhere, so indeed Ck is smooth, e.g. by [Knu+98, Prop. 21.9], and moreover
dim Ck = dim CK .

6.4. Balanced nilpotent sections of parahoric group schemes. In this section, we require that the
reductive A-group scheme G satisfy the conditions (SG1) and (SG2) of section 4.1.
Let P be a parahoric group scheme with generic fiber G, and consider a nilpotent element in the
Lie algebra of the reductive quotient Pk /Ru Pk . Choose a reductive subgroup scheme M ⊂ P as
in Theorem 6.2.1, and identify this nilpotent element with an element X0 ∈ Lie(Mk ). Application
of Theorem 4.5.2 to the reductive group scheme M yields a balanced triple (X, S , φ) for M with
X0 = Xk .
We are now going to argue that – under an additional assumption – the section X is already
balanced in Lie(P) for the adjoint action of P. Recall that h = h(G) is the maximum value of the
Coxeter number of an irreducible component of GK where K is an algebraic closure of K.
Proposition 6.4.1. Assume that p > 2h − 2 where p is the characteristic of k. Then there is an Ahomomorphism Φ : SL2,A → M such that dΦ(E) = X and Φ|S = φ. Moreover, Lie(P)(φ; n) = 0 =⇒
|n| < p. In particular, Lie(P)K is a restricted semisimple module for the adjoint action of SL2,K and Lie(P)k
is a restricted semisimple module for the adjoint action of SL2,k .
Remark 6.4.2. In fact, the argument given below shows that the conclusion of the Proposition is valid
provided that Lie(PK )(φK ; n) 6= 0 =⇒ |n| < p.
Proof. Since the characteristic of K is either p or 0, the condition p > 2h − 2 together with Proposition 3.4.2(a) implies that (XK )[p] = 0, and Proposition 3.4.3 shows that
Lie(G)(φK ; n) 6= 0 =⇒ |n| < p.
It follows that
Lie(P)(φ; n) 6= 0 =⇒ |n| < p,
and in particular Lie(Mk )(φk ; n) 6= 0 =⇒ |n| < p. Now we may apply Proposition 3.4.2(b) to
the nilpotent element Xk ∈ Lie(Mk ) to learn that (Xk )[p] = 0. Thus, Theorem 5.2.2 yields an Ahomomorphism Φ : SL2,A → M for which (in the notation of that Theorem) we have dΦ(E) = X and
Φ|S = φ.
Consider the adjoint action of SL2,A on Lie(P) given by Ad ◦Φ. Proposition 5.3.2 shows that
Lie(Pk ) is a semisimple SL2,k -module, that Lie(PK ) is a semisimple SL2,K -module.

Theorem 6.4.3. Suppose that p > 2h − 2. Then X is a balanced nilpotent section of Lie(P).
Proof. Using Proposition 6.4.1, we find an A-homomorphism Φ : SL2,A → P for which dΦ(E) = X
and Φ|S = φ. Moreover, Proposition 5.3.2 implies that
dimk ker(ad dΦEk ) = dimK ker(ad dΦEK ).
Since ker(ad dΦEk ) identifies with the Lie algebraic centralizer cLie Pk (Xk ), and since ker(ad dΦEK )
identifies with the Lie algebraic centralizer cLie(G) (XK ), we find that
dimk cLie Pk (Xk ) = dimK cLie(G) (XK ).
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Since G is a geometrically standard reductive K-group, the centralizer CG (XK ) is smooth over K;
see Proposition 3.1.4. Now Proposition 6.3.1 implies that X is balanced for the adjoint action of P on
Lie(P) – i.e. X is a balanced nilpotent section, as required.

7. Conjugacy of balanced nilpotent sections
Recall that G denotes a reductive group scheme over A with generic fiber G = GK .
7.1. Moy-Prasad filtrations. Suppose in this section that P = Px is a parahoric group scheme with
generic fiber G associated with the maximal torus T .
We are going to recall the Moy-Prasad filtration of the group P(A). This filtration was introduced
in [MP94]; see also [Adl98, §1.4]. Since our reductive group G splits over an unramified extension
of K some of the complexities of [Adl98, §1.4] don’t occur.
Let r ∈ Q>0 . First suppose that T (and hence G) is split. Write T for the A-form of the split torus
T , and let
Tr = ker(T (A) → T (A/πdre A))
where dre = min{n ∈ Z | n > r} is the “ceiling” function.
For a root α and r ∈ Q>0 , we define a subgroup Uα,x,r ⊂ Uα,hx,αi (A). Recall from section 2.5
that
Uα,hx,αi (A) = {uα (a) | ν(a) > hx, αi}
where ν is the valuation of K and where uα : Ga → Uα is determined by the choice of Chevalley
system. We define
Uα,x,r = {uα (a) | ν(a) > hx, αi + r} = Uα,hx,αi+r (A).
The r-th term of the Moy Prasad filtration of P(A) is the group
Pr = hTr , Uα,x,r | α ∈ Φi.
Now if G splits over the unramified extension L of K with ring of integers B, let Q = PB and let
Qr be the Moy-Prasad filtration of Q(B). Then the Moy-Prasad filtration of P(A) is given by
Pr = Qr ∩ P(A).
Let Pm+ denote the union of the Pr for r > m, and let P+ = P0+ .
Parallel to the Moy-Prasad filtration of P(A), there is an analogous Moy-Prasad filtration of the
A-Lie algebra Lie(P). When G is split over K, it is given by
M
Lie(P)m = πdme Lie(T ) ⊕
Lie(Uα,hx,αi+m )
α∈Φ

If G splits over the unramified extension L of K with ring of integers B, let Q = PB and for
r ∈ Q>0 write Lie(Q)r for the terms of the Moy-Prasad filtration of the B-Lie algebra Lie(Q). Then
the Moy-Prasad filtration of Lie(P) is defined by the rule
Lie(P)r = Lie(P) ∩ Lie(Q)r .
Again, let Lie(P)m+ denote the union of the Lie(P)r for r > m.
Proposition 7.1.1. Suppose that P = G is a reductive parahoric group scheme. Then the terms Lie(G)r ⊂
Lie(G) of the Moy-Prasad filtration are given by


Lie(G)r = ker Lie(G) → Lie(G)/mdre Lie(G) .
Proof. It suffices to prove the result when G is split reductive, and in that case the result follows from
definitions.

Proposition 7.1.2. Consider the quotient mapping ([) : Lie(Pk ) → Lie(Pk /Ru Pk ). Then Lie(P)+ is the
kernel of the mapping Lie(P) → Lie(Pk /Ru Pk ) obtained by composing the natural mapping Lie(P) →
Lie(Pk ) with ([).
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Proof. First suppose that G is split over K. It follows from [BT84, Prop. 4.6.10] that P+ is contained
in the indicated kernel. The reverse inclusion follows from [BT84, Cor. 4.6.7]. Thus, the Proposition
holds for split G.
Now suppose that G splits over an unramified extension L of K with ring of integers B. Then P
arises by étale descent from a parahoric group scheme Q for GL . Since the residue field ` of B is a
separable extension of k, the unipotent radical of Pk satisfies (Ru Pk )` = Ru Q` . Writing Qm for the
terms of the Moy-Prasad filtration, we have by definition P+ = Q+ ∩ P(A).

Proposition 7.1.3. For r ∈ Q>0 , Lie(P)r is a P-submodule of Lie(P) for the adjoint action.
Proof. This follows from [Adl98, Prop. 1.2.5].



7.2. A condition for the conjugacy of balanced nilpotent sections. Let X ∈ Lie(P) be a balanced
nilpotent section, and let φ : Gm → P be an A-homomorphism for which φk is a cocharacter
associated to Xk and φK is a cocharacter associated to XK .
We are going to prove a conjugacy result for balanced nilpotent sections under the following
assumption.
Hypothesis 7.2.1. There is a A-submodule S ⊂ Lie(P) with the following properies.
(a) For each t ∈ Q>0 let St = S ∩ Lie(P)t . Then
Lie(P)t = St + [X, Lie(P)t ].
(b) S is invariant under the action of the image of the A-homomorphism φ.
We will consider the validity of Hypothesis 7.2.1 below. Meanwhile, our target is the following
result:
Theorem 7.2.2. Assume that Hypothesis 7.2.1 holds for X, and let X 0 be a second balanced nilpotent section
with Xk0 + Lie(Ru Pk ) = Xk + Lie(Ru Pk ) in Lie(Pk ). Then X and X 0 are conjugate by an element of P+ .
Remark 7.2.3. The argument that will be given below is essentially that of [DeB02, §5.2]. If k has
characteristic 0, or “large enough” characteristic for Gk , one can find S by locating an sl(2)-triple
(X, Y, H) containing X and taking S to be the centralizer of Y in Lie(G); compare e.g. with [DeB02,
Lemma 5.2.1]. For completeness and for the reader’s benefit, we are going to recapitulate the full
argument for the Theorem, under the assumption of Hypothesis 7.2.1.
The first ingredient in the proof of Theorem 7.2.2 is the “mock exponential mapping” described
by J. Adler:
Proposition 7.2.4. Let s ∈ Q>0 and r ∈ Q>0 . There is a mapping Φ : Lie(P)s → Ps which is continuous
in the K-analytic topologies such that for V ∈ Lie(P)s and W ∈ Lie(P)r , we have
Ad(Φ(V))W ≡ W + [V, W]
Proof. [Adl98, §1.6].

(mod Lie(P)(r+s)+ ).


On the generic fiber G = PK , the assumption Hypothesis 7.2.1 gives a so-called “transvere slice”
to the orbit of XK , and we require some properties of this slice, including the following:
Proposition 7.2.5. Let G be a geometrically standard reductive group over the field F, let Falg be an algebraic
closure of F, let X ∈ Lie(G) be nilpotent, and let φ be a cocharacter of G associated to X. Suppose S ⊂ Lie(G)
is a linear subspace invariant under the image of φ, and that Lie(G) is the direct sum S ⊕ [X, Lie(G)]. Then
Ad(G(Falg ))X ∩ (X + SFalg ) = {X}, where SFalg = S ⊗F Falg .
Proof. For the proof, we may and will suppose that F = Falg . Write Y for the G-orbit of X. Since the
centralizer of X in G is smooth section 3.1, the tangent space of Y at X is TX Y = [X, Lie(G)]. Moreover,
S = TX (X + S).
It follows that the subvarieties Y and X + S are transversal at X, and in particular, there is an open
subvariety U ⊂ S such that X ∈ U(F) and such that (X + U) ∩ Y = {X}.
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Now, it follows from [Jan04, §7.15] that the weights of the image of φ on S are strictly negative.
Precisely as in the proof of [CG10, Prop. 3.7.15], the action of the image of φ determines an action of
Gm on X + S for which X is the only fixed point, and as in loc. cit. it follows that (X + S) ∩ Y = {X}. 
Lemma 7.2.6. Assume that Hypothesis 7.2.1 holds. Fix Z ∈ Lie(P)+ . Let s > 0 and suppose that h ∈ Ps
and C ∈ S+ have been chosen such that
Ad(h)(X + C) ≡ X + Z

(mod Lie(P)s+ ).

Let t ∈ Q, t > s such that Lie(P)t+ = Lie(P)s 6= Lie(P)s+ . Then we may find h 0 ∈ P+ and C 0 ∈ S+ such
that
Ad(h 0 )(X + C 0 ) ≡ X + Z (mod Lie(P)t+ )
and such that
h 0 h−1 ∈ Pt and C − C 0 ∈ St .
Proof. Consider the element Z1 = Ad(h)(X + C) − X − Z ∈ Lie(P)t . In particular,
Ad(h)(X + C) ≡ X + Z + Z1

(mod Lie(P)t+ )

According to Hypothesis 7.2.1, we may write
(♥)

Z1 = D1 + [X, Y1 ]

for D1 ∈ St and Y1 ∈ Lie(P)t .
Let h1 = Φ(Y1 ) ∈ Pt and let C1 = − Ad(h−1 )(D1 ) ∈ Lie(P)t .
We now compute, using Proposition 7.2.4 and (♥):
Ad(h1 h)(X + C + C1 ) ≡ Ad(h1 )(X + Z + Z1 − D1 )

(mod Lie(P)t+ )

≡X + Z + Z1 − D1 + [Y1 , X + Z + Z1 − D1 ]
≡X + Z + [Y1 , Z + Z1 − D1 ]
≡X + Z

(mod Lie(P)t+ )

(mod Lie(P)t+ )

(mod Lie(P)t+ ))

where the final congruence is valid because [Y1 , Z + Z1 − D1 ] ∈ Lie(P)t+ . Now the result follows by
taking h 0 = h1 h and C 0 = C + C1 .

Lemma 7.2.7. Assume that Hypothesis 7.2.1 holds. Then
Ad(P+ )(X + S+ ) = X + Lie(P)+ .
Proof. Fix Z ∈ Lie(P)+ . We may choose a strictly increasing sequence t0 = 0, t1 , t2 , . . . in Q>0 such
that
(a) limi→∞ ti = ∞, and
(b) for i > 0, we have Lie(P)ti + = Lie(P)ti+1 6= Lie(P)ti+1 + .
Let h0 = 1 and C0 = 0. Using Lemma 7.2.6, we may find h1 ∈ P+ and C1 ∈ S+ such that h1 h−1 ∈
Pt1 , C − C1 ∈ Lie(P)t1 , and Ad(h1 )(X + C1 ) ≡ X + Z (mod Lie(P)t1 + ). Inductive application of
Lemma 7.2.6 now yields a sequence of elements hi ∈ P+ and Ci ∈ S+ for i > 0 such that h =
limi→∞ hi ∈ P+ and C = limi→∞ Ci ∈ S+ exist and satisfy
Ad(h)(X + C) ≡ X + Z

(mod Lie(P)ti + )

for all i > 0. It now follows that Ad(h)(X + C) = X + Z, as required.
X, X 0


X0

Proof of Theorem 7.2.2. Since
∈ Lie(P) are two lifts of X0 , we have
= X + Z for Z ∈ Lie(P)+ ;
see Proposition 7.1.2. Thus, it follows from Lemma 7.2.7 that X 0 = Ad(g)(X + c) for c ∈ S+ and
g ∈ P+ .
0 is in the Zariski closure
Now, the argument give in the proof of [DeB02, Cor. 5.2.4] shows that XK
0
0
of the orbit of XK . Since X and X are both balanced, the dimensions of the orbits of XK and of XK
0
coincide. It follows that XK and XK are geometrically conjugate for the action of G = GK ; see e.g.
[Spr98, Lemma 2.3.3]. It follows that X and X + c are geometrically conjugate. Now Proposition 7.2.5
implies that c = 0, so indeed X 0 = Ad(g)X for g ∈ P+
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7.3. Conjugacy of balanced liftings for a reductive group scheme. Let G be a reductive group
scheme over A with connected fibers, and suppose that the conditions (SG1) and (SG2) of Section 4.1
hold.
Fix a nilpotent element X0 ∈ Lie(Gk ), and use Theorem 4.5.2 to find a balanced triple (X, S , φ)
lifting X0 . In particular, Xk = X0 , and φ : Gm → G is an A-homomorphism such that φk is associated
with X0 = Xk and φK is associated with XK .
For r ∈ Q>0 , write Lie(G)r for the terms of the Moy-Prasad filtration section 7.1.
Theorem 7.3.1. Hypothesis 7.2.1 holds for P = G and X; i.e. there is an A-submodule S ⊂ Lie(G) such that
(i) Lie(G)r = Sr + [X, Lie(G)r ] for each r ∈ Q>0 where Sr = S ∩ Lie(G)r , and
(ii) S is stable under the action of the image of φ.
Proof. First choose a basis Z01 , . . . , Z0r for a complement to [X0 , Lie(Gk )] in Lie(Gk ) such that each Z0i
is a weight vector for the image of the cocharacter φk ; i.e. Z0i ∈ Lie(Gk )(φk ; mi ) for suitable weights
P
m1 , . . . , mr ∈ Z. Now choose for each i a lift Zi ∈ Lie(G)(φ; mi ) of Z0i , and take S = ri=1 AZi .
Then by construction S is stable under the image of φ. Moreover, since S + [X, Lie(G)] + m Lie(G) =
Lie(G), the Nakayama Lemma implies that
(♣)

S + [X, Lie(G)] = Lie(G).

Since Lie(G)r = πdre Lie(G) for r ∈ Q>0 by Proposition 7.1.1, so that Sr = πdre S, condition (i) now
follows from (♣).

Corollary 7.3.2. If X and X 0 are two balanced nilpotent sections of Lie(G) with Xk = Xk0 = X0 , then X and
X 0 are conjugate by an element of G(A).
Proof. In view of Theorem 7.3.1, the corollary follows from Theorem 7.2.2.



7.4. Conjugacy of balanced liftings for a parahoric group scheme. Let P be a parahoric group
scheme with generic fiber PK = G. Choose a reductive subgroup scheme M ⊂ P as in Theorem 6.2.1.
Fix a nilpotent element X0 ∈ Lie(Mk ). Application of Theorem 4.5.2 yields a balanced triple
(X, S , φ) in M with X0 = Xk .
Theorem 7.4.1. Let p denote the characteristic of k, and assume that p > 2h − 2 where h = h(G). Then
Hypothesis 7.2.1 holds for X and φ; i.e. there is an A-submodule S ⊂ Lie(P) such that
(i) Lie(P)r = Sr + [X, Lie(P)r ] for each r ∈ Q>0 where Sr = S ∩ Lie(P)r , and
(ii) S is stable under the action of the image of φ.
Proof. In view of our assumption on p, we may apply Proposition 6.4.1 to find an A-homomorphism
Φ : SL2,A → M with dΦ(E) = X and Φ|S = φ. Moreover, that Proposition shows that Lie(P)(φ; n) 6=
0 =⇒ |n| <p. 
0 0
Let F =
∈ Lie(SL2,A ) and let S = ker(F : L → L). Then S is clearly stable under the
1 0
action of φ. In view of what we have observed about the weights of φ on Lie(P), we may apply
Proposition 5.3.2; part (c) of that result now shows that S satisfies condition (i), as required.

Corollary 7.4.2. Suppose that p > 2h − 2. If Y and Y 0 are balanced nilpotent sections of Lie(P) with
Yk + Lie(Ru Pk ) = Yk0 + Lie(Ru Pk ) in Lie(Pk /Ru Pk ), then Y and Y 0 are conjugate by an element of P(A).
Proof. Let X0 ∈ Lie(Mk ) be an element whose image in Lie(Pk /Ru Pk ) coincides with the image
YYk . Choose a balanced triple (X, S , φ) for M with Xk = X0 ∈ Lie(Mk ) as in the statement
Theorem 7.2.2. Then that Theorem together with Theorem 7.4.1 shows that X is P(A)-conjugate
both Y and to Y 0 .

of
of
to
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8. Rational nilpotent orbits
8.1. Recollections. In this section, let G be a connected and reductive group over the local field
K. For “large enough” residue characteristic, the paper [DeB02] relates the orbits of G(K) on the
nilpotent elements of Lie(G) = Lie(G)(K) with the distinguished nilpotent orbits of the reductive
quotients Pk /Ru Pk , for parahoric group schemes P having generic fiber PK = G.
In turn, the work in [DeB02] was motivated by questions related to the harmonic analysis on
G(K) in case k is finite. Harish-Chandra and Roger Howe showed – see e.g. [HC99] – that the
character of an irreducible smooth representation of G(K) on a C-vector space has a local character
expansion: in some neighborhood of 0 ∈ Lie(G) = Lie(G)(K), this character can be expressed as a
linear combination of the Fourier transforms of nilpotent orbital integrals. In particular, the G(K)orbits of nilpotent elements in Lie(G) = Lie(G)(K) play an important role in the harmonic analysis
on the p-adic group G(K).
The parametrization of nilpotent orbits obtained in [DeB02] contributed to DeBacker’s proof of a
conjecture of Hales, Moy and Prasad relating the depth of a smooth irreducible representation to the
range of validity of its local character expansion. The interested reader may consult the introduction
to [DeB02] for references and further details.
We note that DeBacker’s parametrization of nilpotent orbits received some further study in
[Nev11].
8.2. Balanced elements and DeBacker’s parametrization. For a give parahoric P and a nilpotent
element X0 ∈ Lie(Pk /Ru Pk ), the parametrization of DeBacker mentioned in the preceding section is
achieved – for “large enough” residue characteristic – by assigning to X0 the nilpotent G(K)-orbit of
minimal dimension meeting the coset X0 + Lie(P)+ ⊂ Lie(P), where Lie(P)+ is the inverse image of
Lie(Ru Pk ) under the quotient mapping Lie(P) → Lie(Pk ) = Lie(P) ⊗A k.
Under some additional assumptions, we are going to show that a balanced nilpotent element
X ∈ Lie(P) lifting X0 lies in the orbit of smallest dimension meeting the coset X0 + Lie(P)+ . We
begin with some preliminary results.
Let H be a linear algebraic group over a field F. Suppose that the unipotent radical R = Ru H is
defined over F and that H has a Levi decomposition – i.e. there is a closed F-subgroup M ⊂ H such
that the restriction of the quotient mapping π : H → H/R induces an isomorphism π|M : M ' H/R.
Let X0 ∈ Lie(H/Ru H) and let X ∈ Lie(M) be the unique element with dπ(X) = X0 .
Suppose that
Lie(H) = L0 ⊃ L1 ⊃ L2 · · · ⊃ Ld = 0
is a filtration of Lie(H) by H-invariant subspaces for which R acts trivially on the quotient Li /Li+1
for each i = 1, . . . , d − 1.
Proposition 8.2.1. Let X0 ∈ Lie(H/Ru H) and let X ∈ Lie(M) be the unique element with dπ(X) = X0 . For
each Y ∈ dπ−1 (X0 ), we have the inequality
d
X

ker(ad(X) : Li /Li+1 → Li /Li+1 ) > dim cLie(H) Y,

i=0

where ad(X) is the mapping induced by ad(X).
Proof. Let Y ∈ dπ−1 (X0 ), and notice that ad(X) and ad(Y) induce the same mapping on the associated
L
i i+1 .
graded space gr(Lie(H)) = d−1
i=0 L /L
Now the Proposition follows from the observation that the dimension of the kernel of the mapping
gr(ad(Y)) exceeds the dimension of ker(ad(Y)) = cLie(H) (Y).

Corollary 8.2.2. Let X0 ∈ Lie(H/Ru H) and let X ∈ Lie(M) be the unique element with dπ(X) = X0 .
Suppose that Φ : SL2,F → M is an F-homomorphism, and that – in the notation of section 3.3 – we have
X = dφ(E1 ). If Lie(H) is a completely reducible SL2,F -module, then
dim cLie(H) (X) > dim cLie(H) (Y)
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for all Y ∈ dπ−1 (X0 ).
Proof. We choose a filtration
Lie(H) = L0 ⊃ L1 ⊃ · · · ⊃ Ld = 0
of Lie(H) as a module for H for which R acts trivially on each quotient Li /Li+1 ; such a filtration
exists since the unipotence of R means that V R 6= {0} for any R-module V 6= {0}.
The assumption of complete reducibility implies that – as modules for SL2,F –
Lie(H) '

d−1
M

Li /Li+1 .

i=0

Thus the dimension of the centralizer in Lie(H) of X = dφ(E1 ) is precisely
d−1
X

dim ker(ad X : Li /Li+1 → Li /Li+1 );

i=0

now the result follows from Proposition 8.2.1.



Now suppose that G splits over an unramified extension of K, and thus that G = GK for a
reductive group scheme G over A. Moreover, suppose that conditions (SG1) and (SG2) of section 4.1
hold for G.
We now state the main result relating balanced nilpotent sections with DeBacker’s description of
nilpotent orbits.
Let P be a parahoric group scheme with generic fiber PK = G, and let X0 ∈ Lie(Pk /Ru Pk ) be
a nilpotent element. Using Theorem 6.2.1 – i.e. the main result of [McN18] – we find a reductive
A-subgroup scheme M ⊂ P such that Mk is a Levi factor of the special fiber Pk . Since Lie(Mk )
may be identified with Lie(Pk /Ru Pk ), we may and will view X0 as an element of Lie(Mk ). Now
using Theorem 1.3.1 we find a balanced triple (X, T, φ) for M; thus X ∈ Lie(M) is a nilpotent section
whose image in Lie(Mk ) is X0 and the A-homomorphism φ : Gm → M has the property that φk is
a cocharacter of Mk associated with Xk and φK is a cocharacter of MK associated with XK .
Recall from Proposition 7.1.2 that Lie(P)+ is the kernel of the natural mapping
Lie(P) → Lie(Pk /Ru Pk ).
Proposition 8.2.3. Suppose that p > 2h − 2. Then the G(K)-orbit of XK is the rational nilpotent orbit of
smallest dimension which intersects the coset X + Lie(P)+ non-trivially.
Proof. Since G is a geometrically standard reductive group over K, the centralizer in G of an element
of Lie(G) is smooth. Thus, it suffices to argue for Y ∈ X + Lie(P)+ that
(])

dimK cLie(G) (YK ) 6 cLie(G) (XK )

.
First, Chevalley’s upper semi-continuity theorem [EGAIVIII , §13.1.3] implies that
([)

dimK cLie(G) (YK ) 6 dim cLie(Pk ) (Yk ).

Now, in view of our assumption on p, we may proceed as in the proof of Theorem 7.4.1 to find
an A-homomorphism Φ : SL2,A → M with dΦ(E) = X and Φ|S = φ such that Lie(Pk ) is a restricted
semisimple module for SL2,k .
Now Corollary 8.2.2 shows that
(∗)

dimk cLie(Pk ) (Yk ) 6 dimk cLie(Pk ) (Xk ).

Combining ([) and (∗) now implies (]).
Finally, suppose that Y = X + Z for Z ∈ Lie(P)+ and that equality holds in (]). Since G is a geometrically standard reductive group, the identity component of CG (YK ) is a smooth group scheme.
Thus Proposition 6.3.1 together with (]) imply that Y is a balanced nilpotent section. Since the image
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of Y in Lie(Pk /Ru Pk ) = Lie(P)/ Lie(P)+ coincides with that of X, it follows from Corollary 7.4.2 that
X and Y are conjugate by an element of P(A), and the result follows.

8.3. Rational nilpotent elements on the generic fiber realized via balanced nilpotent sections.
In this section we prove under some additional conditions that each K-rational nilpotent element
X1 ∈ Lie(G) may be written as X1 = XK for a balanced nilpotent section X ∈ Lie(P) for some
parahoric group scheme P having generic fiber PK = G. We give essentially the argument of
[DeB02, Lemma 4.5.3]; Debacker attributes this argument to Gopal Prasad.
Here is the precise formulation of our result.
Theorem 8.3.1. Write p for the characteristic of k, and suppose that p > 2h − 2. Let X1 ∈ Lie(G) be
nilpotent. Then there is a parahoric group scheme P with generic fiber PK = G and a nilpotent section
X ∈ Lie(P) balanced for the action of P with XK = X1 .
We first establish the following preliminary result:
Proposition 8.3.2. Let X1 ∈ Lie(G) be nilpotent, and let φ1 be a cocharacter of G associated with X1 . Write
p for the characteristic of K. If (X1 )[p] = 0 5, then there is a parahoric group scheme P with generic fiber
PK = G and an A-homomorphism Φ : SL2,A → P for which
(a) If φ = Φ|S , then φK = φ1 , and
(b) if X = dΦ(E), then XK = X1 .
Proof of Proposition 8.3.2. Let Φ1 : SL2,K → G = GK be the unique homomorphism with dΦ1 (E1 ) =
X1 and Φ1|SK = φ1 as in Theorem 3.3.1.
Here we use the argument of [DeB02, Lemma 4.5.3]. Thus, we write Ku for the maximal unramified extension of K, we consider the Bruhat-Tits building Bu of GKu , and we write Γ = Gal(Ku /K) =
Gal(k/k).
Now consider the action of SL2 (A) × Γ on Bu , where the action of SL2 (A) is determined by Φ1 .
According to [Tit79, §2.3.1], there is a fixed point x for this action. Since x is fixed by Γ , in fact x is
in the Bruhat-Tits building of G, and hence its (connected) stabilizer in G(K) is the group P(A) of
A-points of a parahoric group scheme P with generic fiber G. Since x is fixed by SL2 (A), we have
Φ1 (SL2 (Au )) ⊂ P(Au ) where Au is the integral closure of A in Ku .
Now, the group scheme SL2 is étoffe [BT84, §1.7], hence it follows from [BT84, (1.7.1)] that there
is an Au -homomorphism Ψ : SL2,Au → PAu such that compatible with the mapping Φ1 on Au points. Since x is fixed by Γ , it follows via étale descent that Ψ arises by base change from an
A-homomorphism Φ : SL2,A → P. It is immediate that Φ satisfies conditions (a) and (b).

Proof of Theorem 8.3.1. According to Proposition 3.4.2(a), the assumption p > 2h − 2 implies that
(XK )[p] = 0. Now let Φ : SL2,A → P as in the conclusion of Proposition 8.3.2, and let φ :
Gm,A → P be the A-homomorphism obtained by restricting Φ1 to the diagonal torus of SL2,A .
Since p > 2h − 2, and Proposition 3.4.3 shows that Lie(G)(φK ; i) 6= 0 =⇒ |i| < p and hence that
Lie(P)(φ; i) 6= 0 =⇒ |i| < p. Thus, the hypothesis of Proposition 5.3.2 are satisfied; we deduce that
Lie(P)k is a semisimple module for SL2,k , that Lie(P)K is a semisimple module for SL2,K , and that
dimk ker(Xk ) = dimK (XK ). Arguing as in the proof Theorem 6.4.3, we see that X is balanced for
the action of P, as required.

9. Smoothness of centralizers
Remark 9.0.1. Let G be a reductive group scheme over A, and let X ∈ Lie(G) be a balanced nilpotent
section. In [McN08], we claimed that the centralizer C = CG (X) is a smooth group scheme over A.
That claim is not supported by the given arguments.
5Recall that if the characteristic of K is zero, we simply define (X )[p] = 0.
1
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The paper [McN08] had two main results: Theorem A and Theorem B. Theorem B concerns a
comparison of the component groups of the centralizers CGK (XK ) and CGk (Xk ); the proof of loc. cit.
requires on the smoothness of C over A, so the given proof of Theorem B is inadequate.
On the other hand, the proof of Theorem A given in [McN08] depended on the smoothness of
the identity component C0 . While that smoothness is also not known, one may simply replace C0
by the smooth group scheme obtained using the result Theorem 2.2.4 of Conrad - or more precisely,
Theorem 2.2.5 - to obtain a proof of Theorem A by the arguments of loc. cit.
Since the present paper contains improvements to some of the intermediate results used in
[McN08], we give another proof of [McN08, Theorem A] in the next section.
9.1. Levi factors of the centralizer of a nilpotent element. Let G be a reductive A-group scheme
and suppose that the conditions (SG1) and (SG2) of section 4.1 hold for G.
Theorem 9.1.1. Let X ∈ Lie(G) be a balanced nilpotent section. Then the geometric root datum of the
reductive quotient of the connected centralizer C0GK (XK ) is the same as the geometric root datum of the
reductive quotient of the connected centralizer C0Gk (Xk ).
Proof. Let X0 = Xk ∈ Lie(Gk ). According to Theorem 4.5.2, we may choose a balanced triple
(Y, S , ψ) with Yk = X0 . It follows from Corollary 7.3.2 that X and Y are conjugate by an element of G(A). Thus a suitable G(A)-conjugate of ψ yields an A-homomorphism φ : Gm → G such
that φk is a cocharacter associated to Xk and φK is a cocharacter associated to XK .
Now let C = CG (X) be the scheme-theoretic centralizer of the section X in G, and let H ⊂ C be the
locally closed subgroup scheme of Theorem 2.2.5. Recall that H is smooth and of finite type over A,
that HK = C0GK (XK ) and that Hk = C0Gk (Xk ).
It is clear by construction of H that H is normalized by the action of the image of φ. Set M =
CH (φ) for the centralizer subgroup scheme of H. According to [SGA3II , Exp. XI, Cor 5.3], M is
a closed subgroup scheme of H which is smooth over A. Moreover, M is affine over A, e.g. by
Proposition 2.2.2.
o
Now, MK is the centralizer in Co
GK (XK ) of the image of φK and Mk is the centralizer in CGk (Xk )
of the image of φk . Thus it follows from Proposition 3.2.2 that for F ∈ {K, k}, MF is a Levi factor of
C0GF (XF ).
In particular, M is a smooth and affine A-group scheme with connected and reductive fibers,
hence M is reductive [SGA3III , Exp. XIX Defn 2.7]. Now [SGA3III , Exp. XXII Prop. 2.8] shows
that the root data of the fibers of M must be the same, at least geometrically. This completes the
proof.

We now quickly explain why the previous result provides a proof of [McN08, Theorem A]. Write
E = K and F = k for respective algebraic closures of K and k. Using the Bala-Carter Theorem, we
may identify the set of nilpotent orbits of GE in Lie(GE ) with the set of nilpotent orbits of GF in
Lie(GF ).
Suppose that the orbits of the nilpotent elements X1 ∈ Lie(GE ) and X0 ∈ Lie(GF ) are the same
under the Bala-Carter identification, let CE be the connected centralizer of XE in GE , and let CF be
the connected centralizer of XF in GF .
The statement of [McN08, Theorem A] was the following:
Corollary 9.1.2. The root datum of the reductive quotient of CE may be identified with the root datum of the
reductive quotient of CF .
Proof. We may and will replace A by an unramified extension and hence suppose that the residue
field k = F is algebraically closed. Apply Theorem 4.5.2 to find a balanced triple (Y, S , φ). for which
X0 = Yk . Then Yk is distinguished in CG (S )k and YK is distinguished in CG (S )K by condition
(B4) in the definition of a balanced triple; see section 4.5.
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Write P = P(φ) for the parabolic subgroup scheme of the centralizer M = CG (S ) determined
by the A-morphism φ : Gm → M; see Proposition 2.4.1 and Proposition 2.4.3. Since the BalaCarter datum of X0 is the pair (Mk , Pk ) and that of X1 is the pair (MK , PK ), it follows that YK is
geometrically conjugate to X1 .
The Corollary now follows by applying Theorem 9.1.1 to the balanced nilpotent section Y.

9.2. Tori of centralizers. Keep the assumptions of the preceding section; thus G is a reductive Agroup scheme and the conditions (SG1) and (SG2) of section 4.1 hold for G.
The results of the previous section permit us to prove the following:
Proposition 9.2.1. Let X ∈ Lie(G) be a balanced nilpotent section. Then the centralizer CGK (XK ) has a
maximal torus which splits over an unramified extension of K.
Proof. Indeed, let H be the locally closed, smooth subscheme of the centralizer CG (X) as in Theorem 2.2.5. Then Theorem 9.1.1 shows that there is a closed subgroup scheme M ⊂ M such that MK
is a Levi factor of HK = CGK (XK ) and Mk is a Levi factor of Hk = CGk (Xk ).
In particular, M is reductive over A and so by Corollary 2.3.2 the group scheme M has a maximal
torus over A. It follows from Theorem 2.3.1 that this maximal torus splits over an unramified
extension of A, and the result follows.

The Proposition shows that if X1 ∈ Lie(GK ) is a nilpotent element such that the centralizer
CGK (X1 ) has no maximal torus which is unramified, then X1 can not be realized as the value at
the generic fiber of any balanced nilpotent section of Lie(G). On the other hand, Theorem 8.3.1
shows that – at least when p > 2h − 2 – the nilpotent element X1 is the value at the generic fiber of
some balanced nilpotent section X ∈ Lie(P) for some parahoric group scheme P.
We conclude this section with an example demonstrating that - even when GK is split - there are
nilpotent elements X1 ∈ g for which no maximal torus of CG (X1 ) splits over an unramified extension
of K.
Recall that any separable field extension K ⊂ L determines a quadratic form Q = NL/K over K
on the 2 dimensional K-vector space W = L. For a field extension K1 of K, the form QK1 is split if
and only if L ⊂ K1 . In particular, the reductive group O(W, Q)K1 has a K1 -split torus only when
L ⊂ K1 .
Proposition 9.2.2. Suppose that the characteristic of K is not 2. Let G = Sp4r be the split symplectic group
of rank 2r over K for some r > 1. For any 2 dimensional quadratic space (W, Q), there is a nilpotent element
Y = YQ ∈ Lie(G) for which the reductive quotient of the centralizer C0G (Y) is isomorphic to SO(W, Q). In
particular, there are nilpotent Y ∈ Lie(G) for which no maximal torus of CG (Y) splits over an unramified
extension of K.
Sketch. Let (V1 , β) be a pair of a vector space with dim V1 = 2r, and a non-degenerate alternating
form β. Write γ for the bilinear form on W determined by the quadratic form Q.
Form the vector space V = V1 ⊗ W and consider the non-degenerate alternating form δ = β ⊗ γ
on V. Let Y1 ∈ sp(V1 , β) be a regular nilpotent element, and consider the element
Y = Y1 ⊗ 1W ∈ Lie(G) = g = sp(V, δ).
We are going to describe a cocharacter associated to Y; see section 3.2. For this, let λ1 : Gm →
Sp(V1 , β) be a cocharacter associated to Y1 . Recall that Y1 is also regular when viewed as an element
of SL(V1 ), and thus:
(♥) λ1 is associated to Y1 when viewed as a cocharacter of SL(V1 ).
Consider the cocharacter λ : Gm → Sp(V, δ) for which λ(t) = λ1 (t) ⊗ 1W . We are going to argue
that λ is associated with Y. It will suffice to check this after extending scalars, so assume for the
moment that the quadratic space (W, Q) is split (i.e. is hyperbolic). Fix a hyperbolic basis e, f of W,
and consider the Z/2Z-grading of V for which V0+2Z = V1 ⊗ e and V1+2Z = V1 ⊗ f. Since the Vi+2Z
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are isotropic for δ, this grading amounts to a homomorphism φ : µ2 → G = Sp(V, δ). Write M for
the connected centralizer C0G (φ); then
M = {(g, h) ∈ GL(V1 ) × GL(V1 ) | det g · det h = 1}.
Evidently λ takes values in the derived group SL(V1 ) × SL(V1 ) of M. According to (♥) above, λ is
associated to Y in M; it now follows from Theorem A.5 that λ is associated to Y in G.
Now return to the general case (in which (W, Q) need not by split). If H = C0G (Y) is the connected
centralizer of Y, one knows that H has a Levi decomposition, with Levi factor given by the centralizer
CH (λ) of the image of λ.
It is easy to see that CH (λ) identifies with SO(W, γ) = SO(W, Q), proving the first assertion of
the Proposition. The remaining assertion now follows by taking Y = YQ where Q is the norm form
NL/K of some totally ramified quadratic field extension L of K.

Appendix A. Nilpotent elements and subgroups of type C(µ)
Let G be a connected and reductive group over the field F, and let M ⊂ G be a subgroup of G of
type C(µ) – see section 6.1. By definition, M = Co
G (ψ) where ψ : µn → G is an F-homomorphism.
In this appendix, we consider the cocharacters of M and of G which are associated to a nilpotent
elment X ∈ Lie(M). Since X ∈ Lie(M), the image of the µ-homomorphism ψ is contained in CG (X).
Proposition A.1. Suppose that F is algebraically closed. If H is linear algebraic group for which H0 is a
reductive group and if ψ : µn → H is a homomorphism, there is a maximal torus T of H normalized by the
image of ψ.
Proof. Write n = pa · m with gcd(p, m) = 1; thus µn ' µpa × µm . Since µpa is connected, the image
ψ(µpa ) is contained in H0 . It was proved in [McN18, Theorem 3.4.1] that the image S = ψ(µpa ) lies
in some maximal torus T of H0 . Note that C0H (S) is reductive and contains a maximal torus of H;
thus it suffices to complete the proof after replacing H by CH (S). Since now the image S is contained
in every maximal torus of H, it is enough to argue that the image S1 = ψ(µm ) normalizes some
maximal torus of H. Since F is algebraically closed, that now follows from [Ste68, Theorem 7.5]. 
Proposition A.2. Let H be a linear algebraic group over F satisfying the following two conditions:
(a) the unipotent radical Ru H is defined and split over F, and
(b) H has a Levi decomposition; i.e. there is a reductive F-subgroup M ⊂ H for which π|M : M → H/Ru H
is an isomorphism, where π : H → H/Ru H is the quotient mapping.
If D ⊂ H is a subgroup scheme of multiplicative type, then there is u ∈ (Ru H)(F) for which uDu−1 ⊂ M.
Proof. Write U = Ru H, and write D ⊂ H/U for the image of D. It follows from [SGA3II , Exp. XVII
Prop 4.3.1] that the restriction of the quotient mapping π : H → H/U determines an isomorphism
∼
π|D : D −
→ D. In particular, the group scheme E = π−1 (D) is an extension of the group scheme D of
multiplicative type by the connected and F-split unipotent group U.
Write γ : R/U → M for the inverse of the isomorphism π|M : M → H/U, and let D1 = γ(D). Then
D1 ⊂ E and D1 ⊂ M. It now follows from [SGA3II , Exp. XVII Thm 5.1.1] applied to the extension E
that D and D1 are conjugate by an element of U(F), as required.

Proposition A.3. Let X as above.
(a) The image of ψ centralizes some cocharacter φ associated with X in G.
(b) If F is algebraically, the image of ψ normalizes some maximal torus of Co
G (X).
Proof. Write C = CG (X) and note that the image of ψ is contained in C. Recall that the unipotent
radical U of C is defined and split over F, and if φ is a cocharacter associated with X in G, the
centralizer Cφ in C of the image of φ is a Levi factor of C. Now, after replacing φ by a U(F)conjugate, Proposition A.2 shows that the image of ψ is contained in Cφ . Assertion (a) follows at
once.
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Since Cφ is a Levi factor, it contains a maximal torus of C. Now (b) follows from Proposition A.1.

We require the following technical result, which is a slight generalization of [MS03, Lemma 24].
For the completeness and for the convenience of the reader, we repeat the proof.
Proposition A.4. Suppose that F is algebraically closed, and let H be a linear algebra group over F. Assume
that H0 is reductive, and let ψ : µn → H be an F-homomorphism. Assume that S ⊂ H is a central torus in
H which is normalized by the image of ψ and that C0S (ψ) is a maximal central torus of C0H (ψ). Then
(C0H (ψ), C0H (ψ)) = C0(H,H) (ψ).
In particular, the identity component of the centralizer in the derived group der(H) = (H, H) of the image of
ψ is semisimple.
Proof. Write N = C0(H,H) (ψ). It is clear that (C0H (ψ), C0H (ψ)) ⊂ N, and it remains to argue the reverse
inclusion. For that, it is enough to argue that N is semisimple. Indeed, we then have N = (N, N),
and since N ⊂ C0H (ψ), we may deduce the required inclusion N ⊂ (C0H (ψ), C0H (ψ)).
Choose a maximal torus T ⊂ H normalized by the image of ψ. The adjoint action of ψ yields
Z/nZ-gradings
M
M
M
Lie(T )(i),
Lie((H, H))(i) and Lie(T ) =
Lie(H)(i), Lie((H, H)) =
Lie(H) =
i∈Z/nZ

i∈Z/nZ

i∈Z/nZ

and we have Lie(C0T (ψ)) = Lie(T )(0), Lie(C0H (ψ)) = Lie(H)(0) and Lie(C0(H,H) (ψ)) = Lie((H, H))(0).
It follows from [Spr98, (4.4.12)] that the differential at (1, 1) of the product mapping µ : T ×
(H, H) → H is surjective. Moreover, since Lie((H, H)) contains each non-zero T -weight space of
Lie(H), Lie(H) is the sum of Lie(T ) and Lie((H, H)). Since this product map respects the action of
the image of ψ, we find that dµ(1,1) : Lie(T )(i) ⊕ Lie((H, H))(i) → Lie(H)(i) is surjective for each
i ∈ Z/nZ. In particular,
dµ(1,1) : Lie(T )(0) ⊕ Lie((H, H))(0) → Lie(H)(0)
is surjective. This surjectivity implies that µ restricts to a dominant morphism
e : C0T (ψ) × N → C0H (ψ).
µ
e is surjective; thus
Since C0T (ψ) normalizes N, the image is a subgroup. Since C0H (ψ) is connected, µ
0
0
CH (ψ) = CT (ψ)N.
The group N is reductive; let R denote its maximal central torus. Now, R is contained in each maximal torus of N; in particular R is contained in CT1 (ψ) for some maximal torus T1 of H normalized
by the image of ψ. Choosing T = T1 in the preceding discussion, we find that C0H (ψ) = C0T1 (ψ) · N.
Thus we find that R is moreover central in C0H (ψ). But we have assumed that C0S (ψ) to be the
maximal central torus of C0H (ψ), so we find that R ⊂ C0S (ψ) ∩ N.
Finally, C0S (ψ) is contained in the center Z of H. Since Z ∩ (H, H) is finite – see [Spr98, (8.1.6)] – it
follows that C0S (ψ) ∩ (H, H) is finite, hence also C0S (ψ) ∩ N is finite, as well. This proves that R = 1
so indeed N is semisimple, as required.

Theorem A.5. A cocharacter of M is associated with the nilpotent element X in M if and only if it is
associated to X in G.
Proof. In view of the conjugacy of associated cocharacters Proposition 3.2.2, the Theorem will follow
if we argue that there is a cocharacter of M which is associated to X in both M and G.
When M = L is a Levi factor of a parabolic of G, this conclusion is immediate from definitions,
since we can find a reductive subgroup L1 for which X ∈ Lie(L1 ) is distinguished, and for which L1
is a Levi factor of a parabolic of G and L1 is a Levi factor of a parabolic of L.
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If φ is a cocharacter of M, the condition that φ is associated to X in either G or M is unaffected by
extension of scalars. Thus, to prove the Theorem, we may and will suppose that F is algebraically
closed.
Recall that M = Co
G (ψ) for a homomorphism ψ : µn → G for some n > 2. Fix a maximal torus S0
of CM (X). If we now set G1 = CG (S0 ) and M1 = CM (S0 ), then G1 is a Levi factor of a parabolic of
G, M1 is a Levi factor of a parabolic of M, M1 = C0G1 (ψ) is a subgroup of G1 of type C(µ), and X is
distinguished in Lie(M1 ).
Since the conclusion of the Theorem is valid for Levi factors of parabolic subgroups, a cocharacter
of M1 associated to X in G1 is associated to X in G, and a similar statement holds for M1 and M.
Thus in giving the proof, we may and shall replace G by G1 and M by M1 and so we suppose that
X is distinguished in Lie(M).
According to Proposition A.3, we may choose a cocharacter φ associated to X which is centralized
by the image of ψ. In particular, φ is a cocharacter of M. We are going to argue that φ is associated
to X in M. In view of the conjugacy of associated cocharacters Proposition 3.2.2, this will complete
the proof of the Theorem. Since X is distinguished in Lie(M), and since evidently X ∈ Lie(M)(φ; 2),
in order to argue that φ is associated to X, we only must argue that the image of φ lies in the derived
group M.
For this, use Proposition A.3 to choose a maximal torus S of CG (X) which is normalized by the
image of ψ. Now, X is distinguished in the Lie algebra of H = CG (S), so the image of φ is contained
in C0(H,H) (ψ). Since X is distinguished in Lie(M), and since the image of ψ normalizes S, it follows
that CS (ψ) coincides with the connected center of M.
Now Proposition A.4 implies that (C0H (ψ), C0H (ψ)) = C0(H,H) (ψ), so the image of φ lies in
(C0H (ψ), C0H (ψ)) ⊂ (M, M)
as required.



Remark A.6. A result similar to Theorem A.5 was obtained in [MS03, Prop. 23] for “pseudo-Levi
subgroups” M of G, though the result was only stated in loc. cit. for distinguished X. In general, the
class of subgroups of type C(µ) is strictly larger than the class of pseudo-Levi subgroups – see the
discussion in the introduction to [McN18]. The proof we gave here is basically that given in [MS03],
except that we have used here the result Proposition A.2 for diagonalizable group schemes deduced
from [SGA3II , Exp. XVII Thm 5.1.1] rather than the result [Jan04, (11.24)], which is only valid for
smooth linearly reductive groups.
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