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In these exercises, p > 0 denotes a prime number, and ¥, = Z/pZ the finite field of p
elements. More generally, if ¢ = p™ then F; = F,m denotes the finite field of ¢ elements.

1. Show that if g(T) € F,[T] is irreducible and if g | TP" — T, then deg g(T) is a divisor of m.

2. If ¥ and F are subfields of F,» with p® and p/ elements respectively, how many elements does
E N F contain? Prove your claim.

3. ForaeFylet fop =TP —T +a € F,[T].

a. If a is a root of f, in some extension field of F,,, show that a + 1 is also a root of f,.
b. Let a be a root of f, in some extension field. Prove that E = F,(«) is a splitting field
for fq. (Hint: use the result established in a.)

. Show that the mapping x — P defines an automorphism ¢ : £ — FE which is the
identity on F), and satisfies (o) = o + r for some r € F), with r # 0. Hint: Show
that o(a) must be a root of f,.

d. Show that f, is irreducible over F,, —i.e. that f, is irreducible in F,[T.

Hint: if ¢ € Fp[T] is an irreducible factor of f, explain why o(q) = ¢. If a is a root of
q, show that a + ¢ is a root of ¢ for each ¢ € F), and deduce that f, = q.

. Let a # b € F, and let o, be roots f,(T") and f,(T") respectively. Explain why

F,(a) ~Fy(B).
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4. Let p > 2 be a prime and let n € Z~.

a. Let S be the set of squares in F»; i.e.
S={2?|z€Fpm}

Show that S contains exactly (p" + 1)/2 elements.

Hint: Note that z — 22 defines a group homomorphism ¢ : F;n — F;n. What is
ker ¢? What is the image of ¢?

b. Given a € Fyn let T = {a — x | z € S}. Show that TN S # 0.

c. Show that every element of F,» may be written as a sum of two squares.



