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Problem 1:Let I' = (V, E) be an undirected graph. Show that there is an even number of
vertices of odd degree. Hint: Remember that } _ ~degv = 2|E|.

Solution for 1:

Every edge adds to the degree of two vertices. Hence, the sum of the degrees of all vertices is
twice the number of edges, which is an even number.

Suppose that there are j vertices vy, ..., v; are the vertices of odd degree. Write v, 4, ..., v4 for

the vertices of even degree.

Thus
degv; =2m4 +1,...,degv; =2m; +1
and
degv, g = 2mj, ...,degvg = 2my.
Then the sum of all the degrees is
2|E| = degv; + ... + deg; +d, ;113 + ... + degy

=2my +1+4+...+2m; +14+2m;,; + ...+ 2my

= 2(m1 +..+m+myy, —i—...—l—md) +7J
Therefore,

F=2(|E|— (my+ ... + m; + myy; + ... + my))

is even. That is, there is an even number of vertices of odd degree.

Problem 2:

a. Prove that in any simple graph with |V'| > 2, there are at least two vertices of the same
degree.

b. Does the result in a. remain valid for graphs which aren’t necessarily simple?
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Solution for 2:

a. A simple graphs does not have loops or multiple-edges. Therefore, the degree of any vertex
is a number between 0 and n — 1 where n is the number of vertices of the graph. There
cannot be vertices with degree 0 and vertices with degree n — 1 in the same graph because
if there is a vertex with degree 0, then no edges go to this vertex and therefore there are
at most n — 2 edges coming out of any of the remaining vertices.

We thus have n vertices and at most n — 1 possible degrees (either {0,1,...n — 2} or
{1,...,n — 2,n — 1}). By the pigeonhole principle, two of the vertices must have the same
degree.

b. The result is not necessarily true for non simple graphs as the example below shows: take
a graph with vertices v, , v, v5, edges e, e,, €5 and incidence map

v(e1) = {v1,v2} = t(es), tles) = {vy, v3}.

Then degv,; = 2,degvy, = 3,degv; = 1 are all different.

vl

el |e2

e3
v2

Problem 3: Let B be the graph with two vertices A and B and a unique edge [A, B].
a. Let I" be a bipartite graph with V.=V, UV, and E C {[vy,v5] | (v1,v5) € V] x 3} C

PV).
Show that there is a morphism of graphs ¢ :I' — B such that ¢ (V]) = {A} and
pv(Vz) = {B}.

b. Let I" be any graph and suppose that there is a morphism ¢ : I' — B. Prove that I is a
bipartite graph.
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Solution for 3:
a. If T is a bipartite graph as indicated, we define a morphism ¢ : I' — B as follows.

First, we define the map ¢y, on vertices by the rule

(z) = Aifz eV
PviT) = Bifzx eV,

and we define the map ¢ on edges by the rule
vp(e) =[A,B] fore€ E.

To confirm that ¢ is a morphism, we must observe that ¢ preserves the incidence relation.
But by hypothesis, every edge e € E has t(e) = [a, b] for (a,b) € V; x Vj. Since ¢y, (a) =
A and ¢y, (b) = B, ¢y, (a) and ¢y, (b) are indeed the endpoints of the edge [A, B] of B, as
required.

b. Let ¢ : I' — B be a morphism of graphs where I" has vertices V' and edges E. Consider
Vi=¢y ({A}) CVand V; = o' ({B}) C V.

We claim that I' is bipartite, for the decomposition V' = V] U V. The only thing to argue
is that if e € E is an edge with ¢(e) = [z, y] then either

(2,9) €V, x V5 or (z,y) €V x .

Since  is a morphism and since p(e) = [A, B, it follows that either p(z) = Aand ¢(y) =
B - in which case

(x,y) e AX B

or p(xz) = B and ¢(y) = A in which case
(y,z) € Ax B.

Thus I' is indeed bipartite.
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Problem 4:Let I' = (V, E) be an undirected graph.

a. Define a relation ~ on V by a ~ b if and only if there is a path in I" from a to b. Prove that

~ is an equivalence relation.

b. For a vertex a € V, let [a] C V be the equivalence class of a for the equivalence relation
from part a. Let E, = {[z,y| € E | z,y € [a]}. Prove that ([a], E,) is a subgraph of T".

c. For a natural number n, let T,, be the graph with n vertices {v;, vy, ..., v,, } and with edges
{[vy,v1], [vg, V3], vy [V, v, ] }- In other words, T,, has a loop at each vertex and no other

edges. Suppose that there is a morphism ¢ : I' = T,,.
Prove thatif a,b € V and ¢y, (a) # ¢y (b) then a ~ b.

d. Conclude that if there is a morphism ¢ : I' — T,, such that the mapping ¢y, on vertices is
surjective, then there are at least n equivalence classes in V for the relation ~.

Solution for 4:

a. We more-or-less did this problem in a later lecture; see proof of Prop 13.1.3 and 13.1.4 in
the lecture notes.

b. To see that E is a subgraph, we just need to observe that whenever v, w € [a] if there is
an edge e € E of I' with «(e) = [a, b], then e € E,. But this holds by definition of F,.

c. Suppose that a,b € V and that a ~ b. Consider a path
Vg =G, €1,V1, .0y Up_1,€n,VUy, =b
inI.
Since ¢ is a morphism, we see that
oy (vg) = pv(a), pp(er), oy (v1), - Py (vn1), PE(en), oy (v,) = @y (b)
a path in T between ¢y, (a) and ¢y, (b). In other words ¢y, (a) ~ ¢y, (b) in the graph T.

But it is straightforward to see that the equivalence classes for ~ in T are precise the
singleton sets.

Thus ¢y (a) ~ oy (b) = ¢y (a) = gy (b). We have proved a ~ b= py(a) = ¢, (b),
which is equivalent to

ey (a) # py(b) = a»b.

d. This is an immediate consequence of c.
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Problem 5:Let n € N and let K, be the complete (undirected) graph on n vertices.

a. Let I}y be the subgraph of K, obtained by removing a single vertex and removing all edges
involving that vertex. prove that I}, is isomorphic to K,_;.

b. Lete,, e, be edgesin K, , and for i = 1, 2 let I; be the graph obtained from K, by deleting
the edge e;. (The vertices of I; are the n vertices of K,,).

Prove that I is isomorphic to I,.

c. Lete; # ey and f; # f, be edgesin K, , let I, be the graph obtained from K, by deleting
the edges e; and e, and let I'; be the graph obtained from K, by deleting the edges f; and
f2- (Again, the vertices of I, and I'; are the n vertices of K,).

Show that in general I, is not isomorphic to I%.

Solution for 5ab:
a. Let v, be the vertex of K, which is deleted in the formation of I,.

The graph I, is simple and has n — 1 vertices. To see that it is isomorphic to K, we just
must argue that for every pair v, w of vertices of I}, there is an edge between them.

Viewing v, w as vertices of K,,, there is an edge e of K, with . (e) = [v, w]. Since v, ¢
{v, w}, e is an edge of Ij,. Thus indeed I}, has an edge between every pair of its vertices.

b. Letty (1) = [ay,by]and 1 (e5) = [ay, by]. Write V, for the vertices of K,; thus |V, | =
n.

Now, V. \ {a;,b,} and V,, \ {a,, by} are sets each with cardinality n — 2. We choose a
bijection

Yo : Vo \{a1, 01} =V, \ {ay, b5}
and we define

ay if £ = a,
v:V, = Vo by y(z) = by ifz =0
vo(x) otherwise
Observe that f is a bijection by construction.

We claim that there is a isomorphism ¢ : I} — I, for which ¢y, = 7.

Indeed, for an edge e of I} with ¢(e) = [v, w], we define ¢ (e) to be the unique edge f of
I, with o(f) = [v(v), y(w)].

By construction, ¢y, and ¢ determine a morphism. We’ve seen that ¢y, is bijective, and
it is straightforward to confirm that ¢, is bijective. Thus ¢ is the required isomorphism.
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Solution for 5c¢:
Let n = 4; let’s label K, as follows:

el
v2
e4 e5
< »

Let I} be obtained by removing e, and ey

el

e4

o

and let [, be obtained by removing e; and e,.

G V

e4 e5 e3

()

v4

Then [}, has a vertex of degree 1 —namely v;. But I’} has no vertex of degree 1. So I} and I, are

not isomorhpic.

Problem 6 has been deleted.




